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Su mm ary . Th e Equic h ord al P oin t Prob lem can b e form ula t e d in s imp le geom etr ic t erms. If C i s a Jord an

curv e on t h e p lan e an d P ; Q 2 C t h en t h e s egm en t P Q i s calle d a chor d of t h e curv e C . A p oin t ins id e t h e

curv e i s calle d e quichor dal if ev ery t w o c h ords t hrough t hi s p oin t h a v e t h e sam e len gt h. Th e que st ion w as

wh et h er t h ere exi st s a curv e wit h t w o di st inct equic h ord al p oin t s O

1

an d O

2

. Th e prob lem w as p o s e d b y

F ujiw ara in 1916 an d in d ep en d en t ly b y Blasc hk e, Rot h e an d W e izen b• oc k in 1917, an d s ince t h en it h as b een

a t t ac k e d b y m an y m a t h em a t icians.

In t h e curren t pap er w e pro v e t h a t if O

1

an d O

2

are t w o di st inct p oin t s on t h e p lan e an d C i s a Jord an

curv e su c h t h a t t h e b ou n d e d region D cu t ou t b y C i s st ar-sh ap e d wit h re sp ect t o b ot h O

1

an d O

2

t h en C

i s not equic h ord al. Th e or igin al que st ion w as p o s e d for con v ex C , an d t h us w e h a v e so lv e d t h e Equic h ord al

P oin t Prob lem comp let ely .

Our m et h o d i s bas e d on t h e ob s erv a t ion t h a t C w ould b e an in v ar ian t curv e for an alge braic m ap of

t h e p lan e. It w ould also form a h et ero clinic conn ect ion. W e comp lexify t h e m ap an d obt ain a m ul t iv alue d

alge braic m ap of C

2

. W e d ev elo p cr it er ia for t h e exi st ence of h et ero clinic conn ect ions for su c h m ap s.
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1. In tro d u ct ion

1.1. A n informal formulation of the pr oblem

Th e Equic h ord al P oin t Prob lem w as p o s e d b y F ujiw ara in 1916 [6 ] an d proba b ly in d ep en d en t ly b y Blasc hk e,

Rot h e an d W e itzen b• oc k in 1917 [1]. It can b e form ula t e d in s imp le geom etr ic t erms. Th e fo llo win g inform al

d e�nit ion re
ect s t h e spir it of wh a t h as b een u n d erst o o d t o b e t h e Equic h ord al P oin t Prob lem:

Let us cons id er a curv e C an d a p oin t O ins id e it. Thi s p oin t i s calle d equic h ord al if ev ery c h ord of C

t hrough t hi s p oin t h as t h e sam e len gt h. Is t h ere a curv e for whic h t w o equic h ord al p oin t s exi st?

Ho w ev er, up on a careful st udy of t hi s form ula t ion w e ob s erv e cert ain am biguit ie s, e sp ecially d e alin g wit h t h e

clas s of curv e s for whic h t h e prob lem i s p o s e d. Th e mo st common clas s of curv e s for whic h t h e in t erpret a t ion

of t h e prob lem i s not an i s sue i s t h e clas s of con v ex curv e s. Th e or igin al form ula t ion of F ujiw ara [6] includ e d

t h e as su mpt ion of con v exit y . Ho w ev er, w e will so lv e t h e prob lem in a more gen eral s et t in g.

1.2. Gener al notations

Th e ball of radi us r cen t ere d a t x will b e d enot e d b y B ( x; r ), regardle s s of t h e m etr ic; it will b e cle ar f rom t h e

con t ext whic h m etr ic i s m e an t. Th e not a t ion P Q will alw ays m e an t h e straigh t lin e pas s in g t hrough P an d

Q . Th e on e-dim ens ion al pro ject iv e space i s d enot e d b y P

1

. In mo st cas e s t h e not a t ion P

1

can ap p ly t o b ot h

t h e comp lex an d re al pro ject iv e space, bu t t h e not a t ion P

1

( C ) will b e us e d wh en t hi s di st inct ion b ecom e s

imp ort an t. Th e Riem ann sph ere i s d enot e d b y P

1

( C ) or P

1

if t h e comp lex c h aract er fo llo ws f rom t h e con t ext.

By [ P ; Q ] or P Q w e will d enot e a s egm en t of an a�n e space conn ect in g t w o p oin t s P an d Q . Th us

[ P ; Q ] = f tP + (1 � t ) Q : t 2 [0 ; 1] g . W e will also us e t h e not a t ion [ P ; Q [ for [ P ; Q ] n Q , ] P ; Q ] for [ P ; Q ] n P an d

] P ; Q [ for [ P ; Q ] nf P ; Q g . Th e v ect or f rom P t o Q will b e d enot e d b y Q � P . Th e di st ance b et w een P an d Q

will b e d enot e d b y j P Q j or j Q � P j .

F urt h er not a t ions are st an d ard in comp lex an alys i s. Th us C

�

= C nf 0 g d enot e s t h e pu nct ure d comp lex

p lan e an d D d enot e s t h e u nit di sk f z 2 C : j z j < 1 g .

Wh en � d enot e s a const an t an d f i s a m ap d e�n e d on C or R t h en w e will wr it e f � � for t h e m ap

z 7! f ( �z ).

1.3. A pr e cise formulation of the pr oblem

W e will ado pt s ev eral d e�nit ions whic h will m ak e a preci s e form ula t ion of t h e prob lem an d our re sul t p o s s ib le.

A s et S � R

2

i s calle d star-like wit h re sp ect t o a p oin t O 2 S i� for ev ery P 2 S w e h a v e [ O ; P ] � S . A

Jord an curv e C on t h e p lan e i s calle d star-like wit h re sp ect t o t h e p oin t O if t h e b ou n d e d comp on en t of t h e

s et R

2

n C i s a st ar-lik e s et wit h re sp ect t o O . Let C b e a Jord an curv e on t h e p lan e. A s egm en t [ P ; Q ] i s calle d

a chor d of t h e curv e C i� P ; Q 2 C . C will b e calle d str ongly star-like wit h re sp ect t o O if ev ery straigt h
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lin e pas s in g t hrough O in t ers ect s C a t exact ly t w o p oin t s. It i s e asy t o s ee t h a t if C i s stron gly st ar-lik e wit h

re sp ect t o O t h en it i s st ar-lik e.

De�nit ion 1. L et C b e a Jor dan curve and let O b e a p oint inside the b ounde d c omp onent of R

2

n C . The

p oint O is c al le d equic h ord al if every two chor ds thr ough this p oint have the same length.

W e not e t h a t if O i s an equic h ord al p oin t t h en t h e curv e i s a u t om a t ically stron gly st ar-lik e wit h re sp ect t o O .

In d ee d, if som e straigh t lin e pas s in g t hrough O in t ers ect s C a t t hree di st inct p oin t s P , Q , R t h en t h e t hree

c h ords [ P ; Q ], [ Q; R ] an d [ P ; R ] do not h a v e t h e sam e len gt h.

W e are re ady t o giv e a n ew form ula t ion of t h e Equic h ord al P oin t Prob lem.

Prob lem 1. (The Equichor dal Point Pr oblem for str ongly star-like curves) Do e s t h ere exi st a Jord an curv e

C for whic h t h ere exi st t w o di st inct p oin t s O

1

an d O

2

in t h e b ou n d e d comp on en t of t h e comp lem en t R

2

n C wit h

t h e pro p ert y t h a t C i s stron gly-st arlik e wit h re sp ect t o O

1

an d O

2

an d su c h t h a t O

1

an d O

2

are equic h ord al

p oin t s of C ?

Th e us e of t h e st ar-lik e pro p ert y i s act ually u nn ece s sary , as t h e a b o v e di scus s ion sh o ws, if w e agree t h a t t hi s

pro p ert y i s imp lie d b y t h e equic h ord al pro p ert y of a p oin t. Ho w ev er, t hi s form ula t ion m ay b e preferre d t o

a v oid am biguit ie s.

Of cours e, if C i s a con v ex curv e t h en C i s st ar-lik e wit h re sp ect t o e ac h p oin t in t h e b ou n d e d comp on en t

of R

2

n C .

1.4. The main r esult

W e will so lv e a som ewh a t gen eralize d equic h ord al prob lem. Let us cons id er t w o p oin t s O

1

an d O

2

on t h e p lan e

of di st ance a f rom e ac h ot h er. Let B ( O

i

; 1), i = 1 ; 2, d enot e a u nit o p en di sk a b ou t O

i

. Let T

i

: B ( O

i

; 1) !

B ( O

i

; 1) b e t h e m ap d e�n e d b y t h e requirem en t t h a t for ev ery X 2 B ( O

i

; 1) t h e di st ance b et w een X an d

T ( X ) b e equal t o 1 an d t h a t O

i

2 [ X ; T ( X )].

De�nit ion 2. (Gen eralize d equic h ord al curv e) L et O

1

and O

2

b e two distinct p oints of the plane. A planar

Jor dan curve C with the fol lowing pr op erties:

1. C � B ( O

1

; 1) \ B ( O

2

; 1) ;

2. T

i

( C ) � C for i = 1 ; 2 .

wil l b e c al le d a gen eralize d equic h ord al curv e .

Th e m ain re sul t of t hi s pap er i s form ula t e d in t h e fo llo win g t h eorem:

Th eorem 1. Ther e is no gener alize d e quichor dal curve.

Thi s st a t em en t imp lie s t h e so lu t ion t o t h e Equic h ord al P oin t Prob lem in t h e n ega t iv e for con v ex an d st ar-lik e

curv e s. In d ee d, w e m ay as su m e t h a t ev ery c h ord t hrough e it h er O

1

or O

2

h as len gt h 1. It i s not a re str ict ion,

as it i s e asy t o s ee t h a t t h e c h ord t hrough b ot h O

1

an d O

2

i s common t o t h e t w o f amilie s of c h ords; t h us

b ot h f amilie s of c h ords h a v e t h e sam e len gt h; w e m ay scale our curv e so t h a t t h e len gt h of e ac h c h ord t hrough

O

1

or O

2

i s equal t o 1. Th us, an y con v ex or st ar-lik e curv e wit h t w o equic h ord al p oin t s w ould sa t i sfy t h e

as su mpt ions of Th eorem 1.

In s ect ion 4 w e pro v e t h a t an y gen eralize d equic h ord al curv e i s stron gly st ar-lik e wit h re sp ect t o O

1

an d

O

2

(Th eorem 5). Thi s re sul t i s in d ep en d en t of t h e pro of of t h e m ain t h eorem.

1.5. Pr eliminary r emarks on the pr o of of the main r esult

Th e pro of of t h e m ain re sul t (Th eorem 1) in v o lv e s a d et aile d st udy of h et ero clinic conn ect ions (s ect ion 5).

A heter o clinic c onne ction i s an in v ar ian t curv e conn ect in g t w o �xe d p oin t s of a m ap. In our cas e, t h e m ap

i s T = T

1

� T

2

. It will b e sh o wn (Th eorem 2) t h a t an equic h ord al curv e, if it exi st e d, w ould form su c h a

conn ect ion.
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It i s imp ort an t t h a t t h e m ap T i s alge braic, i.e. giv en b y so lu t ions of p o lynomial equa t ions. W e also

comp lexify t h e m ap T . In t h e comp lex dom ain an alge braic m ap t ypically b ecom e s m ul t iv alue d, an d so do e s

T .

Th e m ain id e a of t h e pro of i s t o cons id er a Riem ann surf ace as so cia t e d wit h t h e h et ero clinic conn ect ion.

It pro v e s t h a t su c h a surf ace w ould h a v e t o b e compact. As a cons equence, t h e equic h ord al curv e w ould b e an

alge braic curv e. Th e �n al ra t h er straigh tforw ard re sul t (Th eorem 12) sh o ws t h a t t h e m ap T do e s not admit

an in v ar ian t alge braic curv e.

Th e m et h o d of t h e pro of of t h e m ain re sul t s et s up a f ram ew or k for prob lems in v o lvin g h et ero clinic (or

h omo clinic) conn ect ions.

1.6. Prior r esults and r elate d pr oblems

Th e Equic h ord al P oin t Prob lem ap p e are d in t h e b o ok [3], p. 9. A br ief hi st ory of part ial re sul t s i s includ e d

t h ere. Also, R. Sc h• afk e an d H. V o lkm er in [14 ] pro v e d t h e non-exi st ence of equic h ord al curv e s for sm all

excen tr icit ie s (for a d e�nit ion, s ee b elo w). It i s an imp ort an t part ial re sul t whic h m ay le ad t o a compu t er-

as s i st e d so lu t ion of t h e prob lem. Th e pap er b y Mic h elacci an d V o lci � c [13 ] giv e s e st im a t e s of t h e excen tr icit y

for whic h equic h ord al curv e s could exi st f rom a b o v e.

In t h e b o ok [3] t h ere i s a gen eraliza t ion of t h e Equic h ord al P oin t Prob lem pro p o s e d b y R. Gardn er. W e

cons id er a p oin t O ins id e a Jord an curv e wit h t h e pro p ert y t h a t for an y c h ord [ X ; Y ] of t h e curv e pas s in g

t hrough O t h e part s of t h e c h ord sa t i sfy t h e fo llo win g equa t ion (h ere � i s a �xe d re al n u m b er):

j X � O j

�

+ j O � Y j

�

= c(1)

wh ere c i s a const an t not d ep en din g on t h e c h ord. W e ask a b ou t curv e s wit h t w o di st inct p oin t s wit h t hi s

pro p ert y . F or � = 1 w e obt ain t h e Equic h ord al P oin t Prob lem, an d for � = � 1 w e obt ain t h e e quir e cipr o c al

prob lem cons id ere d b y Klee [11 , 5]. It pro v e s t h a t an ellip s e so lv e s t h e equirecipro cal prob lem. Ho w ev er,

m an y so lu t ions of lo w smo ot hn e s s also exi st, as it w as sh o wn in [5], d ue t o t h e lac k of h yp erb o licit y of t h e

�xe d p oin t s. Our so lu t ion t o t h e Equic h ord al P oin t Prob lem sh ould gen eralize t o som e ra t ion al v alue s of � . A

prelimin ary examin a t ion of t h e argu m en t s giv en in t hi s pap er sh o ws t h a t t h ere are no so lu t ions of t h e a b o v e

prob lem for ra t ion al � clo s e t o 1.

Th e d e�nit ion of an equic h ord al p oin t ext en ds n a t urally t o con v ex b o die s in m an y dim ens ions. Our

n ega t iv e so lu t ion in t w o dim ens ions imp lie s a n ega t iv e so lu t ion in all dim ens ions s ince som e t w o-dim ens ion al

s ect ions of con v ex b o die s wit h t w o equic h ord al p oin t s w ould b e equic h ord al curv e s.

1.7. Conventions and notations

Through ou t t h e pap er w e d enot e t h e p ot en t ial equic h ord al curv e b y C . W e �x p oin t s O

1

an d O

2

. Th ey

will b e t h e p ot en t ial can did a t e s for t h e t w o equic h ord al p oin t s. Th e di st ance b et w een t h em i s d enot e d b y a .

Som et im e s it i s calle d t h e exc entricity of C .

W e will as su m e t h a t ev ery c h ord t hrough e it h er O

1

or O

2

h as len gt h 1. Let O =

1

2

( O

1

+ O

2

) b e t h e cen t er

of t h e s egm en t O

1

O

2

.

W e will us e Cart e s ian co ordin a t e s on t h e p lan e. It will b e con v enien t t o as su m e t h a t O

1

= ( � a= 2 ; 0) an d

O

2

= ( a= 2 ; 0). Th us O will coincid e wit h t h e or igin. By A

1

an d A

2

w e d enot e t h e t w o p oin t s on t h e lin e

O

1

O

2

whic h are di st an t b y 1 = 2 f rom O . W e as su m e t h a t O

i

2 [ A

i

; O ] for i = 1 ; 2. In Cart e s ian co ordin a t e s,

A

1

= ( � 1 = 2 ; 0) an d A

2

= (1 = 2 ; 0). W e will s ee t h a t if C exi st s t h en it in t ers ect s t h e lin e O

1

O

2

a t A

1

an d A

2

.

F or con v enience w e also d e�n e � = 1 =a an d b = a= 2. Th us, a 2 ]0 ; 1[, b 2 ]0 ; 1 = 2[ an d � 2 ]1 ; 1 [.

2. Th e equi c h ord al m ap s

2.1. The de�nition of the maps

Man y bas ic f act s a b ou t our prob lem fo llo w f rom t h e exi st ence of t w o dyn amical syst ems (m ap s d e�n e d on

su b s et s of t h e p lan e) for whic h t h e equic h ord al curv e w ould b e in v ar ian t. In t hi s s ect ion w e d e�n e t h e m ap s
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an d us e bas ic dyn amical syst ems t h eory in ord er t o e st a b li sh t h e conn ect ion b et w een t h e in v ar ian t m anifo ld

t h eory an d t h e Equic h ord al P oin t Prob lem. Fin ally , us in g t hi s conn ect ion w e pro v e a n u m b er of w ell-kno wn

re sul t s a b ou t t h e symm etr ie s of t h e equic h ord al curv e, sh ould t h ere exi st on e.

In t h e rem ain d er of t hi s s ect ion O

1

, O

2

are t w o �xe d p oin t s of R

2

. Also j O

1

� O

2

j = a i s �xe d. In addit ion,

wh en m akin g us e of co ordin a t e s, it will b e as su m e d t h a t O

1

= ( � a= 2 ; 0) an d O

2

= ( a= 2 ; 0).

In ord er t o d e�n e our m ap s, w e cons id er a p oin t P on t h e p lan e. Let us as su m e t h a t j P O

2

j < 1. Let Q b e

t h e u nique p oin t su c h t h a t j P Q j = 1 an d O

2

2 [ P ; Q ]. If j QO

1

j < 1 t h en w e d e�n e R t o b e t h e u nique p oin t

su c h t h a t j QR j = 1 an d O

1

2 [ Q; R ]. Th e m ap T

2

: P 7! Q . In a s imilar f ashion w e d e�n e T

1

: Q 7! R . Th us,

T

i

: B ( O

i

; 1) ! B ( O

i

; 1) ; for i = 1 ; 2 :

See Figure 1. Th e comp o s it ion of t h e t w o m ap s will b e d enot e d b y T . Th us T = T

1

� T

2

. Th e dom ain

O

1

O

O

2

R

P

P

0

Q

Q

0

Fig. 1. P oin t s us e d in d e�nin g v ar ious m ap s

of T i s t h e m axim al s et on whic h t h e comp o s it ion i s d e�n e d. On e can e as ily s ee t h a t t h e dom ain of T i s

T

� 1

2

( B ( O

1

; 1) \ B ( O

2

; 1)).

Let Q

0

b e t h e p oin t symm etr ic t o Q wit h re sp ect t o O . W e in tro d u ce t h e m ap G : Q 7! Q

0

. Th e m ap U

i s t h e comp o s it ion of G an d T

2

: U = G � T

2

. Cle arly ,

U : B ( O

2

; 1) ! B ( O

1

; 1) :

Lemm a 1.

1

The e quality T = U

2

(i.e. T = U � U ) holds on the domain of T .

Pr o of. See Figure 1. W e h a v e

U

2

= ( G � T

2

) � ( G � T

2

) = ( G � T

2

� G ) � T

2

:

W e claim t h a t G � T

2

� G = T

1

. Cle arly G = G

� 1

, so it su�ce s t o sh o w t h a t G � T

2

= T

1

� G . Let P

0

= G ( P )

an d let us cons id er t h e quadr ila t eral P QP

0

Q

0

. Since O bi s ect s it s diagon al, it i s a parallelogram. Th us

j P

0

Q

0

j = j P Q j . W e h a v e T

2

( P ) = Q an d G ( Q ) = Q

0

b y d e�nit ion. Th us ( G � T

2

)( P ) = Q

0

. Also G ( P ) = P

0

b y d e�nit ion an d T

1

( P

0

) = Q

0

s ince j P

0

Q

0

j = 1 an d O

1

m ust lie on P

0

Q

0

b eca us e it i s symm etr ic t o O

2

wit h

re sp ect t o O , an d O

2

lie s on t h e o p p o s it e s id e P Q . Th us T

2

� G ( P ) = Q

0

. Thi s pro v e s t h a t G � T

2

= T

1

� G

s ince P m ay b e an arbitrary p oin t f rom t h e dom ain of T in t h e a b o v e re asonin g.

1

Th e a u t h or i s in d e bt e d for t hi s ob s erv a t ion t o M. W o jtk o wski
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2.2. Invertibility and r eversibility

Th e m ap s U an d T are cle arly in v ert ib le on t h e im age of t h e ir dom ains. Moreo v er, f rom t h e d e�nit ion

U

� 1

= ( G � T

2

)

� 1

= T

� 1

2

� G = T

2

� G = G � U � G = G � T

1

:

Wh en ev er t h ere i s a m ap G su c h t h a t U

� 1

= G � U � G , an d G

2

= id t h en U i s calle d r eversible (wit h re sp ect

t o G ). Th us U , an d t h erefore T , are rev ers ib le m ap s.

2.3. F ormulas for the maps in Cartesian c o or dinates

Lemm a 2. If P = ( x; y ) and let

x

0

= x �

x �

a

2

p

( x �

a

2

)

2

+ y

2

;

y

0

= y �

y

p

( x �

a

2

)

2

+ y

2

:(2)

Then T

2

( P ) = ( x

0

; y

0

) and U ( P ) = ( � x

0

; � y

0

) .

Pr o of. Left t o t h e re ad er. Also, s ee [17 ].

Coro llary 1. The maps U = G � T

2

and T = U

2

ar e r e al-analytic on their domains. Mor e over, U and T

ar e algebr aic, i.e. the image of a p oint c an b e c alculate d by solving p olynomial e quations.

W e not e t h a t an exp licit expre s s ion for T in v o lv e s it era t e d square ro ot s, an d t h us U i s e as ier t o w or k wit h

wh en an alyt ic t ec hnique s are in v o lv e d.

2.4. The �xe d p oints and their stability

Th e n ext t w o lemm as con t ain re sul t s concer nin g t h e �xe d p oin t s of U an d T an d t h e ir st a bilit y . Th ey are

st an d ard ap p lica t ions of dyn amical syst ems t ec hnique s.

Lemm a 3. The map U has exactly two �xe d p oints. They ar e the p oints of the line O

1

O

2

whose distanc e

fr om O is 1 = 2 . L et us denote them by A

1

and A

2

, wher e the indic es ar e uniquely determine d by the c ondition

that O

1

2 [ A

1

; O

2

] and O

2

2 [ A

2

; O

1

] .

Every other p oint A of the line O

1

O

2

for which U is de�ne d, is a p erio dic p oint of p erio d 2.

The map T has as its �xe d p oints al l the p oints of the line O

1

O

2

outside [ O

1

; O

2

] and within distanc e

1 � a= 2 fr om O . It has no other �xe d p oints.

Pr o of. Left t o t h e re ad er.

Th e n ext lemm a i s concer n e d wit h t h e lin e ar iza t ion of t h e m ap s U an d T a t t h e ir �xe d p oin t s.

Lemm a 4. L et A b e a p oint of the line O

1

O

2

and let A

0

= T

2

( A ) . Then the derivative D T

2

( A ) pr eserves the

dir e ction of the line O

1

O

2

. It is an eigendir e ction with eigenvalue � 1 . The derivative D T

2

( A ) also pr eserves

the dir e ction normal to the line O

1

O

2

. The eigenvalue c orr esp onding to this dir e ction is

�

j A

0

O

2

j

j AO

2

j

:(3)

The derivative D U ( A ) also pr eserves the tangent and normal dir e ctions to the line O

1

O

2

. The c orr e-

sp onding eigenvalues ar e � 1 and

j A

0

O

2

j

j AO

2

j

:(4)
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L et in addition A; A

0

=2 [ O

1

; O

2

] . Then A is a �xe d p oint of T and the derivative D T ( A ) = D U ( U A ) D U ( A )

pr eserves the tangent and normal dir e ctions to the line O

1

O

2

. The c orr esp onding eigenvalues ar e 1 and

j A

0

O

2

j

j AO

2

j

�

j AO

1

j

j A

0

O

1

j

:(5)

The normal eigenvalue is p ositive and 6= 1 .

Pr o of. W e could d er iv e t h e pro p ert ie s of t h e d er iv a t iv e D T

2

( A ) f rom t h e exp licit form ulas of Lemm a 2 e as ily ,

or w e can us e s imp le geom etry . W e c h o o s e t h e s econ d ap proac h. Let us rot a t e A a b ou t O

1

wit h u nit an gular

v elo cit y . Th e p oin t A

0

= T

2

( A ) also rot a t e s a b ou t O

2

wit h u nit an gular v elo cit y . Bu t t h e ra t io of lin e ar

v elo cit ie s i s exact ly t h e e igen v alue. Th e lin e ar v elo cit ie s are j A

0

O

2

j an d j AO

2

j .

Th e st a t em en t a b ou t D U ( A ) fo llo ws as U = G � T

2

an d t h e d er iv a t iv e of t h e m ap G i s p lainly � I , an d

t h us it pre s erv e s t h e direct ion of O

1

O

2

as w ell as t h e norm al direct ion.

Th e st a t em en t a b ou t t h e e igen v alue s of D T ( A ) can b e d e d u ce d f rom t h e form ula T = U

2

. Ev en t ually , w e

n ee d t o sh o w t h a t t h e norm al d er iv a t iv e i s n ev er 1. Let A = ( x; 0). Let us cons id er t h e cas e x > a= 2. In t hi s

cas e A

0

= ( x � 1 ; 0). Th us our expre s s ion for t h e e igen v alue re d u ce s t o

�

�

�

( x � 1) �

a

2

�

�

�

�

�

�

x �

a

2

�

�

�

�

�

�

�

x +

a

2

�

�

�

�

�

�

( x � 1) +

a

2

�

�

�

=

(1 � x ) +

a

2

(1 � x ) �

a

2

�

x +

a

2

x �

a

2

:(6)

W e can s ee e as ily t h a t t hi s expre s s ion i s > 1.

Th e cas e x < � a= 2 i s s imilar bu t it yields an e igen v alue < 1.

2.5. The invariant manifolds

F rom t h e st a bilit y an alys i s of t h e previous su b s ect ion an d f rom t h e In v ar ian t Manifo ld Th eory (s ee, for

inst ance, t h e �rst c h apt er of [9 ]) w e can d e d u ce t h e exi st ence of lo cal in v ar ian t curv e s for t h e �xe d p oin t s of

U an d T .

Let us d e scr ib e t h e in v ar ian t m anifo lds of T . An y �xe d p oin t of T (i.e. a p oin t of t h e lin e O

1

O

2

in

t h e dom ain of T ) h as on e n eu tral direct ion an d on e st a b le or u nst a b le direct ion. As T i s re al-an alyt ic, t hi s

su�ce s t o sh o w t h e exi st ence of a u nique re al-an alyt ic lo cal in v ar ian t curv e �

loc

( A ) t hrough A , t an gen t t o

t h e h yp erb o lic direct ion. Thi s f act fo llo ws f rom st an d ard in v ar ian t m anifo ld t h eory , for inst ance [9]. Th e

usual graph transform t ec hnique pro d u ce s a C

1

-curv e, bu t s ince u niform con v ergence in t h e an alyt ic clas s

imp lie s t h a t t h e limit i s an alyt ic, t h e graph transform m et h o d pro d u ce s an an alyt ic curv e. W e not e t h a t w e

us e in an e s s en t ial w ay t h e f act t h a t t h e st a b le or u nst a b le curv e h as dim ens ion 1, an d an alyt icit y f ails for

high er-dim ens ion al in v ar ian t m anifo lds, ev en if t h e u n d erlyin g m ap i s an alyt ic.

Lemm a 5. L et C b e a gener alize d e quichor dal curve and let A 2 C b e a p oint on the x -axis, and thus a �xe d

p oint of T . Then �

loc

( A ) � C .

Pr o of. Let us not e t h a t if C i s a gen eralize d equic h ord al curv e t h en C \ [ O

1

; O

2

] = ; . In d ee d, if P 2 C \ [ O

1

; O

2

]

t h en T

1

( P ) =2 B ( O

2

; 1) an d t h us i s not in C . Th e lin e O

1

O

2

i s a normal ly hyp erb olic in v ar ian t m anifo ld n e ar

t h e p oin t A , as A =2 [ O

1

; O

2

]. Th e In v ar ian t Manifo ld Th eory t ells us t h a t t h e constru ct e d m anifo lds �

loc

( A )

fo lia t e a n e igh b orh o o d of t h e lin e O

1

O

2

n e ar t h e p oin t A . Let us sup p o s e t h a t �

loc

( A ) 6� C . Th en t h ere exi st s

an arc C

0

� C su c h t h a t C

0

i s t ot ally in t h e n e igh b orh o o d of A fo lia t e d b y �

loc

an d whic h i s not con t ain e d in

a s in gle le af of t h e fo lia t ion �

loc

. By cons id er in g t h e f amily of arcs C

n

= T

n

( C

0

) � C , wh ere e it h er n ! 1

or n ! �1 , w e com e t o a con tradict ion. In d ee d if C con t ains a s equence of arcs con v ergin g t o t h e lin e O

1

O

2

t h en C i s not lo cally conn ect e d (cf. Figure 2). Thi s con tradict ion pro v e s t h e lemm a.

Th e a b o v e f act s a b ou t in v ar ian t m anifo lds, includin g an alyt icit y , w ere pro v en b y Wirs in g [17 ] b y di�eren t,

bu t clo s ely rela t e d m et h o ds.

Ha vin g t h e lo cal in v ar ian t curv e �

loc

( A ), w e constru ct t h e global in v ar ian t curv e, d enot e d b y � ( A ):



A so lu t ion t o t h e Equic h ord al P oin t Prob lem 9

C

�

l oc

( A )

A

Fig. 2. Wh en �

loc

( A ) 6� C t h e curv e C i s not lo cally conn ect e d

� ( A ) =

�

S

1

n =0

T

n

( �

loc

( A )) for an u nst a b le curv e,

S

1

n =0

T

� n

( �

loc

( A )) for a st a b le curv e.

(7)

Thi s constru ct ion m ay encou n t er a di�cul t y s ince T i s not a globally d e�n e d m ap. In gen eral, t h e in v ar ian t

curv e m ay en d on t h e b ou n d ary of t h e dom ain of T or T

� 1

. It m ay also h a v e m an y comp on en t s.

A gen eralize d equic h ord al curv e C (if it exi st s) in t ers ect s O

1

O

2

a t t w o p oin t s, say A

1

an d A

2

su c h

t h a t O

1

2 [ A; O

1

], O

2

2 A

2

O an d j A

1

A

2

j = 1. F or a mom en t w e do not as su m e t h a t A

1

= ( � 1 = 2 ; 0) or

A

2

= (1 = 2 ; 0). W e will s ee so on t h a t t hi s i s in d ee d t h e cas e. W e h a v e ob s erv e d t h a t A

i

=2 [ O

1

; O

2

]. Th us, w e

m ay as su m e t h a t A

i

= ( x

i

; 0) wh ere x

1

< � a= 2 an d x

2

> a= 2.

Th e constru ct ion of t h e global in v ar ian t curv e s for A

1

an d A

2

do e s not ru n in t o trou b le di scus s e d in t h e

previous paragraph. Moreo v er, it i s e asy t o s ee t h a t

� ( A

1

) = C nf A

2

g ;

� ( A

2

) = C nf A

1

g :(8)

Th us C i s t h e u nion of t h e in v ar ian t curv e s of t h e s e p oin t s.

2.6. The symmetries of an e quichor dal curve

F rom t h e a b o v e f act s an d t h e ob vious re
ect ion al symm etr ie s of T w e e as ily d e d u ce symm etr ie s of C an d of

t h e in v ar ian t curv e s. In d ee d, ev ery in v ar ian t curv e an d C m ust b e in v ar ian t u n d er t h e re
ect ion t hrough t h e

lin e O

1

O

2

.

Th e n ext lemm a i s just a bit more di�cul t t o pro v e.

Lemm a 6. A gener alize d e quichor dal curve C must also b e invariant under the r e
e ction in the bise ctor of

the se gment O

1

O

2

.

Pr o of. W e will pro v e t hi s lemm a b y con tradict ion. If C do e s not h a v e t hi s symm etry t h en A

1

an d A

2

cannot

b e symm etr ic wit h re sp ect t o O . Let C

0

b e t h e re
ect ion of C in t h e bi s ect or of t h e s egm en t O

1

O

2

. Thi s i s

cle arly anot h er equic h ord al curv e. Th e p oin t s A

0

i

, i = 1 ; 2, of t h e in t ers ect ion of C

0

wit h t h e lin e O

1

O

2

are

di�eren t f rom A

i

, i = 1 ; 2, wit h t h e except ion of t h e cas e wh en A

1

= ( � 1 = 2 ; 0) an d A

2

= (1 = 2 ; 0). It fo llo ws

f rom t h e an alys i s of p o s s ib le ord er in gs of t h e p oin t s A

i

an d A

0

i

t h a t t h e curv e C m ust in t ers ect C

0

a t som e

p oin t A not on t h e lin e O

1

O

2

. Th us A i s a common p oin t of four in v ar ian t curv e s � ( A

i

) an d � ( A

0

i

), i = 1 ; 2.

Bu t no t w o di�eren t st a b le (or u nst a b le) curv e s can in t ers ect. Th us w e h a v e obt ain e d a con tradict ion.

2.7. A ne c essary and su�cient c ondition

Th e re sul t s of t hi s s ect ion pro vid e a cle ar n ece s sary an d su�cien t con dit ion for t h e exi st ence of an equic h ord al

curv e.
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Th eorem 2. F or any given value of the p ar ameter a ther e exists at most one e quichor dal curve, up to

r otations and dilations. This curve is a union of the invariant curves of the e quichor dal map T :

C = � ( A

1

) [ � ( A

2

) ;

wher e A

1

= ( � 1 = 2 ; 0) and A

2

= (1 = 2 ; 0) .

The ne c essary and su�cient c ondition of the existenc e of a gener alize d e quichor dal curve for a �xe d a is

that the sets (c onsisting of two curves) � ( A

1

) nf A

1

g and � ( A

2

) nf A

2

g , c oincide.

Pr o of. In view of t h e pr ior di scus s ion, only t h e su�ciency part of t h e last claim require s a pro of. W e will us e

a pro of b y con tradict ion.

If t h e s et s � ( A

1

) nf A

1

g an d � ( A

2

) nf A

2

g do not coincid e t h en t h e ir u nion i s a �gure s imilar t o a h omo clinic

t an gle (s ee Figure 3). Th ey in t ers ect alon g a di scret e s et (d ue t o t h e an alyt icit y) whic h con t ains a cert ain

tra ject ory ( P

n

)

n 2 Z

( P

n

= U

n

( P

0

)) of t h e equic h ord al m ap U , for inst ance su c h t h a t P

0

i s on t h e bi s ect or of

O

1

O

2

. It i s e asy t o s ee t h a t t h e comp lem en t of t h e u nion � ( A

1

) [ � ( A

2

) con t ains in�nit ely m an y comp on en t s.

Th us it cannot b e con t ain e d in an y Jord an curv e.

1

a

A

1

O

1

O O

2

A

2

P

0

� ( A

1

) � ( A

2

)

P

2

P

� 1

P

1

P

� 2

Fig. 3. In t ers ect in g in v ar ian t curv e s

On e's �rst in t uit ion i s t h a t t h e s e curv e s in t ers ect transv ersally ra t h er t h an coincid e. Thi s f act i s also sup p ort e d

b y a n u m er ical st udy . W e will b e a b le t o pro v e t h a t t h e curv e s don't coincid e, bu t t h e transv ersalit y will not

b e addre s s e d.

3. Co ordin a t e syst ems an d di�erence equa t ions

It i s t h e n a t ure of t h e Equic h ord al P oin t Prob lem t h a t som e an alyt ic argu m en t s can b e carr ie d ou t in a more

straigh tforw ard f ashion if an ap pro pr ia t e co ordin a t e syst em i s giv en. In t hi s pap er w e will us e t w o co ordin a t e

syst ems in addit ion t o t h e n a t ural, bu t not v ery us eful Cart e s ian co ordin a t e s on t h e p lan e t h a t w e h a v e

alre ady us e d in t h e previous s ect ion.

3.1. Equichor dal and anti-e quichor dal se quenc es

In dyn amical syst ems a s equence ( P

k

)

1

k = �1

i s calle d a (dou b le-s id e d) tra ject ory of an in v ert ib le m ap � if

w e h a v e � ( P

k

) = P

k +1

for all k 2 Z .

It will b e con v enien t t o sp ecialize t h e a b o v e d e�nit ion in t h e fo llo win g w ay:
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De�nit ion 3. (Equic h ord al an d an t i-equic h ord al s equence) A se quenc e of p oints ( P

k

)

1

k = �1

is c al le d an

equic h ord al (an t i-equic h ord al) s equence if for k 2 Z the p oint P

k

is in the domain of U ( U

� 1

), P

k

is not on

the line O

1

O

2

, and U ( P

k

) = P

k +1

( U

� 1

( P

k

) = P

k +1

).

Equic h ord al s equence s are e asy t o constru ct if t h ere exi st s an equic h ord al curv e. All w e n ee d t o do i s t o pic k

a p oin t of t h e equic h ord al curv e an d it era t e it forw ards an d bac kw ards. If no equic h ord al curv e exi st s, it i s

not cle ar if ev en a s in gle equic h ord al s equence exi st s. Ho w ev er, re sul t s in t hi s direct ion h a v e b een obt ain e d.

Th e p ot en t ial di�cul t y wit h constru ct in g equic h ord al s equence s i s t h e p o s s ibilit y of le a vin g t h e dom ain of U

in a �nit e n u m b er of st ep s.

In t h e rem ain d er of t hi s s ect ion w e giv e t w o co ordin a t e syst ems whic h let us calcula t e t h e it era t ions of

U b y m e ans of so lvin g cert ain di�erence equa t ions. While in n u m er ical exp er im en t s t h e b en e�t of h a vin g

co ordin a t e syst ems ot h er t h an t h e Cart e s ian co ordin a t e s of t h e p lan e i s not e s s en t ial, t h ey will b e us e d t o

pro d u ce conci s e pro ofs of t w o imp ort an t lemm as.

3.2. Pr oje ctive c o or dinates

Let P 2 R

2

nf O

1

; O

2

g . Let l

i

for i = 1 ; 2 b e t h e lin e parallel t o O

i

P an d pas s in g t hrough t h e or igin O . In

t hi s w ay , wit h ev ery su c h p oin t P w e as so cia t e a pair of lin e s ( l

1

; l

2

) pas s in g t hrough O . W e regard a lin e

pas s in g t hrough O as a p oin t of t h e pro ject iv e space P

1

. A t t hi s p oin t, t h e re ad er m ay as su m e t h a t t hi s i s t h e

re al pro ject iv e space, bu t wit h ou t an y mo di�ca t ions w e will b e a b le t o ext en d t h e d e�nit ion t o t h e comp lex

pro ject iv e space. Th e constru ct ion in t h e comp lex dom ain will b e imp ort an t la t er on.

Th e pair ( l

1

; l

2

) will b e referre d t o as t h e pr oje ctive c o or dinates of P .

Let [ z : w ] d enot e t h e h omogenous co ordin a t e s of an y lin e l pas s in g t hrough t h e or igin. Th us

l = f ( tz ; tw ) : t 2 R g :(9)

W e will regard t h e not a t ion [ z : w ] as synon ymous wit h t h e lin e l . Th us, if l

i

= [ z

i

: w

i

] for i = 1 ; 2,

t h en t h e pro ject iv e co ordin a t e s of P will b e t h e quadrup le ([ z

1

: w

1

] ; [ z

2

: w

2

]) wit h t h e usual pro ject iv e

equiv alence s.

3.3. A r epr esentation of U

A repre s en t a t ion of U in pro ject iv e co ordin a t e s can b e giv en exp licit ly . Th e n ext lemm a t ells us h o w t o

calcula t e a s in gle it era t ion of U in pro ject iv e co ordin a t e s. If t h e pro ject iv e co ordin a t e s of P are ( l

1

; l

2

) t h en

t h e pro ject iv e co ordin a t e s of U ( P ) are ( l

2

; l

3

) an d t h us w e only n ee d t o giv e a m et h o d for calcula t in g l

3

.

Lemm a 7. L et P b e a p oint in the domain of U and not on the line O

1

O

2

and let ([ z

1

: 1] ; [ z

2

: 1]) b e

its pr oje ctive c o or dinates. Then the pr oje ctive c o or dinates of U ( P ) ar e ([ z

2

: 1] ; [ z

3

: 1]) wher e the triple

( z

1

; z

2

; z

3

) satis�es the fol lowing di�er enc e e quation

1

z

1

� z

2

+

1

z

2

� z

3

= �

�

p

1 + z

2

2

:(10)

Mor e over, the Zariski closur e of the set of al l triples ([ z

1

: 1] ; [ z

2

: 1] ; [ z

3

: 1]) in P

1

� P

1

� P

1

satisfying the

ab ove di�er enc e e quation is the set of al l triples ([ z

1

: w

1

] ; [ z

2

: w

2

] ; [ z

3

: w

3

]) satisfying the e quation:

a

2

w

2

2

( z

2

2

+ w

2

2

)( z

1

w

3

� z

3

w

1

)

2

= ( z

1

w

2

� z

2

w

1

)

2

( z

2

w

3

� z

3

w

2

)

2

:(11)

Pr o of. In t h e pro of w e refer t h e re ad er t o Figure 4.

Let P = ( x; y ) an d z

1

= ( x + a= 2) =y , z

2

= ( x � a= 2) =y , z

3

= ( x

0

+ a= 2) =y

0

. F rom s imp le geom etr ic

cons id era t ions it fo llo ws t h a t
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O

2

l

2

l

3

l

2

l

3

P

0

OO

1

U ( P )

P

l

1

Fig. 4. Repre s en t in g U in pro ject iv e co ordin a t e s

j P O

2

j =

a

p

1 + z

2

1

j z

1

� z

2

j

j P O

1

j =

a

p

1 + z

2

2

j z

1

� z

2

j

j P

0

O

1

j =

a

p

1 + z

2

2

j z

2

� z

3

j

:(12)

Th e fu n d am en t al equic h ord al rela t ion require s t h a t j P O

1

j + j P

0

O

1

j = 1. Thi s can b e rewr it t en as

a

p

1 + z

2

2

j z

1

� z

2

j

+

a

p

1 + z

2

2

j z

2

� z

3

j

= 1 :(13)

W e not e t h a t e it h er z

1

< z

2

< z

3

or z

1

> z

2

> z

3

. Th e �rst p o s s ibilit y corre sp on ds t o P in t h e up p er h alfp lan e

an d t h e s econ d on e t o P in t h e lo w er h alfp lan e. W e v er ify e as ily t h a t t h e s e are t h e only p o s s ibilit ie s as lon g

as w e st ay in t h e dom ain of U . Thi s le ads t o 10.

Th e Zar i ski clo sure re sul t can b e pro v en e as ily . Squar in g equa t ion 10 an d cle ar in g t h e d enomin a t ors

pro d u ce s equa t ion 11 wit h w

1

= w

2

= w

3

= 1. Th us, 10 imp lie s 11. Goin g bac kw ards i s p o s s ib le wit h t h e

except ion of p oin t s whic h lie on a v ar iet y of dim ens ion 1, for w e h a v e t o exclud e tr ip le s for whic h w

i

= 0 for

i = 1 ; 2 or 3, or z

1

w

2

� z

2

w

1

= 0 or z

2

w

3

� z

3

w

2

= 0 or z

2

2

+ w

2

2

= 0 (t h e la t t er equa t ion i s n ee d e d if w e st udy

t h e prob lem in t h e comp lex space). First w e sh o w t h a t non e of t h e p o lynomials w

1

, w

2

, w

3

, z

1

w

2

� z

2

w

1

,

z

2

w

3

� z

3

w

2

v ani sh e s id en t ically on t h e s et of zero s of t h e p o lynomial

a

2

w

2

2

( z

2

2

+ w

2

2

)( z

1

w

3

� z

3

w

1

)

2

� ( z

1

w

2

� z

2

w

1

)

2

( z

2

w

3

� z

3

w

2

)

2

:(14)

Thi s can b e don e b y exp licit ly so lvin g a syst em of t w o p o lynomial equa t ions cons i st in g of on e equa t ion of

t h e f amily w

1

= 0, w

2

= 0, w

3

= 0, z

1

w

2

� z

2

w

1

= 0, z

2

w

3

� z

3

w

2

= 0 an d a

2

w

2

2

( z

2

2

+ w

2

2

)( z

1

w

3

� z

3

w

1

)

2

�

( z

1

w

2

� z

2

w

1

)

2

( z

2

w

3

� z

3

w

2

)

2

= 0. Th us t h e except ion al s et of t h e s e p oin t s wh ere 11 do e s not imp ly 10, h as

dim ens ion le s s t h an t h e dim ens ion of t h e v ar iet y of t h e last p o lynomial, i.e. 2. Th us, t h e dim ens ion i s � 1

an d s ince it i s not 0, it i s equal t o 1. Th e re ad er i s encourage d t o wr it e t h e equa t ions for except ion al p oin t s
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exp licit ly . In conclus ion, if w e h a v e a tr ip le ([ z

1

: w

1

] ; [ z

2

: w

2

] ; [ z

3

: w

3

]) whic h i s not except ion al t h en t h e

equiv alen t tr ip le ([ z

0

1

: 1] ; [ z

0

2

: 1] ; [ z

0

3

: 1]), wh ere z

0

i

= z

i

=w

i

, sa t i s�e s t h e di�erence equa t ion 10.

Coro llary 2. L et ( P

n

)

n 2 Z

b e an e quichor dal se quenc e. L et ( z

n

)

n 2 Z

b e a se quenc e of r e al numb ers such that

the pr oje ctive c o or dinates of P

n

ar e ([ z

n � 1

: 1] ; [ z

n

: 1]) . Then this se quenc e is monotonic and it satis�es the

e quation

1

z

n +1

� z

n

+

1

z

n

� z

n � 1

=

��

p

1 + z

2

n

;(15)

wher e � 2 f� 1 ; 1 g . Mor e over, � = 1 ( � = � 1 ) c orr esp onds to the incr e asing (de cr e asing) se quenc es ( z

n

) , which

in turn c orr esp ond to e quichor dal se quenc es in the lower (upp er) halfplane or anti-e quichor dal se quenc es in

the upp er (lower) halfplane.

R emark 1. Equa t ion 11 d e�n e s a ternary algebr aic r elation b et w een t hree p oin t s of t h e pro ject iv e space,

n am ely [ z

1

: w

1

], [ z

2

: w

2

] an d [ z

3

: w

3

]. In ot h er w ords, it d e�n e s an alge braic su b s et of P

1

� P

1

� P

1

.

3.4. Conversion to Cartesian c o or dinates

Our �n al re sul t on pro ject iv e co ordin a t e s concer ns t h e con v ers ion b et w een t h e pro ject iv e an d Cart e s ian co or-

din a t e s. It pro v e s t h a t t hi s con v ers ion i s p erform e d b y a bi-ra t ion al m ap. As mo st of our fu t ure constru ct ions

are in v ar ian t u n d er bi-ra t ion al equiv alence, t h e re sul t b elo w d emonstra t e s t h a t t h e re sul t s d er iv e d in t h e

pro ject iv e co ordin a t e s also h o ld in Cart e s ian co ordin a t e s, al t h ough e st a b li shin g t h e corre sp on d ence b et w een

calcula t ions m ay le ad t o quit e comp lica t e d expre s s ions in som e cas e s.

Let P = ( x; y ) h a v e pro ject iv e co ordin a t e s ( l

1

; l

2

) wh ere l

i

= [ z

i

: w

i

] for i = 1 ; 2. Th e equa t ions

l

1

= [ z

1

: w

1

] =

h

x +

a

2

: y

i

;

l

2

= [ z

2

: w

2

] =

h

x �

a

2

: y

i

;

le ad t o t h e syst em

�

x +

a

2

�

w

1

= y z

1

;

�

x �

a

2

�

w

2

= y z

2

:

Th e so lu t ion t o t hi s syst em giv e s an exp licit form ula for con v ers ion f rom pro ject iv e t o rect an gular co ordin a t e s.

Lemm a 8. L et P = ( x; y ) b e a p oint given in Cartesian c o or dinates and let ( l

1

; l

2

) b e its pr oje ctive c o or di-

nates. L et l

i

= [ z

i

: w

i

] for i = 1 ; 2 . The formulas

x =

a

2

z

1

w

2

+ z

2

w

1

z

1

w

2

� z

2

w

1

;

y =

aw

1

w

2

z

1

w

2

� z

2

w

1

:(16)

give an explicit c onversion formula fr om pr oje ctive to Cartesian c o or dinates. The map ( l

1

; l

2

) 7! ( x; y ) is a

bi-r ational map. The inverse map is given by ( x; y ) 7! ([ x + a= 2 : y ] ; [ x � a= 2 : y ]) which is r ational when

expr esse d in the standar d charts on the pr oje ctive sp ac es.
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O

2

U ( P )

P

O

1

P

0

�

s

0

r

0

r

s

0

�

r

0

O

� � �

s

Fig. 5. Repre s en t in g U in radial co ordin a t e s

3.5. R adial c o or dinates

Let P = ( x; y ) b e a p oin t giv en in Cart e s ian co ordin a t e s. Th e radial co ordin a t e s of P are ( r ; s ), wh ere

r = j P � O

2

j =

p

( x � a= 2)

2

+ y

2

(17)

s = j P � O

1

j =

p

( x + a= 2)

2

+ y

2

(18)

Lemm a 9. L et ( r ; s ) b e the r adial c o or dinates of P and let Q = U ( P ) have r adial c o or dinates ( r

0

; s

0

) . Then

s

0

= 1 � r

( r

0

)

2

r + (1 � r ) s

2

= a

2

+ r s

0

:(19)

Pr o of. Th e �rst equa t ion fo llo ws imm e dia t ely f rom t h e d e�nit ion of an equic h ord al curv e.

Th e pro of of t h e s econ d equa t ion cons i st s in wr it in g t h e co s in e law for tr ian gle s O

1

O

2

P an d O

1

O

2

P

0

s id e-b y-s id e:

s

2

= a

2

+ r

2

+ 2 ar co s �;

( r

0

)

2

= a

2

+ ( s

0

)

2

� 2 as

0

co s �:

Up on elimin a t ion of co s � f rom b ot h equa t ions w e arr iv e a t

r ( r

0

)

2

+ s

0

s

2

= a

2

( r + s

0

) + r ( s

0

)

2

+ r

2

s

0

:(20)

W e us e r + s

0

= 1 t wice in ord er t o transform t h e r igh t-h an d s id e t o t h e d e s ire d form a

2

+ r s

0

.

Radial co ordin a t e s are not bi-ra t ion ally equiv alen t t o Cart e s ian on e s. Ho w ev er, w e will us e t h em in a v ery

geom etr ic w ay an d in t h e re al dom ain. Th us, alge braic pro p ert ie s will b e of a le s s er cons equence.

Lemm a 10. The map ( x; y ) 7! ( r ; s ) , wher e r and s ar e given by 17, maps the lower and upp er halfplane of

the xy -plane di�e omorphic al ly onto the r e gion

X = f ( r ; s ) : r ; s > 0 ; j r � s j < a < r + s g :
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Pr o of. Th e tr ian gle in equalit y imp lie s t h a t t h e im age i s in X . Cle arly , t h e m ap ( x; y ) 7! ( r ; s ) i s di�eren t ia b le

in e ac h of t h e h alfp lan e s.

W e will �n d t h e form ula for t h e in v ers e m ap on X . It i s e asy t o s ee b y su btract ion of t h e equa t ions

r

2

= ( x � a= 2)

2

+ y

2

;

s

2

= ( x + a= 2)

2

+ y

2

;

t h a t s

2

� r

2

= 2 ax . Th us x = ( s

2

� r

2

) = 2 a an d

y

2

= r

2

�

�

x �

a

2

�

2

= r

2

�

�

s

2

� r

2

2 a

�

a

2

�

2

= r

2

�

�

s

2

� r

2

� a

2

2 a

�

2

=

�

r �

s

2

� r

2

� a

2

2 a

� �

r +

s

2

� r

2

� a

2

2 a

�

=

�

2 ar � s

2

+ r

2

+ a

2

� �

2 ar + s

2

� r

2

� a

2

�

(2 a )

2

=

�

( r + a )

2

� s

2

� �

� ( r � a )

2

+ s

2

�

(2 a )

2

=

( r + a � s )( r + a + s )( s � r + a )( s + r � a )

(2 a )

2

=

�

( r + s )

2

� a

2

� �

a

2

� ( r � s )

2

�

(2 a )

2

:(21)

Th us, t h e in v ers e m ap on X i s giv en b y t h e form ulas

x =

s

2

� r

2

2 a

y = �

p

( ( r + s )

2

� a

2

) ( a

2

� ( r � s )

2

)

2 a

:(22)

Th e c h oice of t h e s ign d ep en ds on whic h h alfp lan e w e w ould lik e t o m ap X t o. Th e a b o v e form ulas sh o w t h a t

t h e m ap ( r ; s ) 7! ( x; y ) i s di�eren t ia b le on X .

3.6. Semi-pr oje ctive c o or dinates

Thi s v ers ion of a co ordin a t e syst em i s in t erm e dia t e b et w een t h e pro ject iv e an d rect an gular co ordin a t e s. It i s

part icularly suit e d t o st udyin g t h e b e h a vior of t h e equic h ord al m ap n e ar t h e x -axi s. Th us, if w e st art f rom

t h e rect an gular co ordin a t e s, w e k eep x as a co ordin a t e an d w e us e w = y = ( x � b ) as t h e s econ d co ordin a t e.

Let us �n d t h e expre s s ion for t h e equic h ord al m ap in s emi-pro ject iv e co ordin a t e s. W e will s eek it in t h e

form ( x; w ) 7! ( x

0

; w

0

). First,

x

0

= � x +

x � b

p

( x � b )

2

+ y

2

= � x +

1

p

1 + w

2

:(23)

Secon d,

y

0

= � y +

y

p

( x � b )

2

+ y

2

= � y +

w

p

1 + w

2

= � w ( x � b ) + w ( x + x

0

) = w ( x

0

+ b ) :(24)

Th us, w

0

= w ( x

0

+ b ) = ( x

0

� b ). In su mm ary , t h e equic h ord al m ap in n ew co ordin a t e s i s expre s s e d as
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x

0

= � x +

1

p

1 + w

2

;

w

0

=

x

0

+ b

x

0

� b

w(25)

wit h t h e u n d erst an din g t h a t w e calcula t e x

0

�rst an d us e it in t h e s econ d equa t ion.

4. Th e exi st ence of in v ar ian t con e s

Let P b e an arbitrary p oin t of t h e equic h ord al curv e C . In t h e s equel w e n ee d t o kno w t h a t t h e lin e s P O

i

,

i = 1 ; 2, are not t an gen t t o C . Thi s f act allo ws us t o pro v e t h e non-exi st ence of equic h ord al curv e s wit h ou t

t h e as su mpt ion of con v exit y . Up on t h e �rst re adin g of t hi s pap er on e m ay s imp ly as su m e t h a t C i s con v ex,

or as su m e t h e re sul t just st a t e d, an d skip t o t h e n ext s ect ion.

4.1. A description of the c ones

Let P b e a p oin t in t h e p lan e.

O

1

A O

2

K ( P )

y

x

P

Fig. 6. Th e in v ar ian t con e

Let K ( P ) d enot e t h e con e in t h e t an gen t space of t h e p lan e a t P cons i st in g of all v ect ors ( dx; dy ) su c h

t h a t ( dx; dy ) i s t an gen t t o a circle cen t ere d a t som e p oin t A 2 [ O

1

; O

2

] an d pas s in g t hrough P (s ee Figure 6).

Th e con e K ( P ) admit s an extrem ely s imp le d e scr ipt ion in t h e radial co ordin a t e s ( r ; s ). It i s s imp ly t h e s et

of t an gen t v ect ors of t h e form ( ds; dr ) in t h e s econ d an d fourt h quadran t, i.e. t h o s e t an gen t v ect ors for whic h

dr an d ds are of di�eren t s igns. Thi s pro p ert y w as our so le re ason for in tro d u cin g t h e radial co ordin a t e s.

4.2. The invarianc e of the c ones

W e are re ady for t h e form ula t ion of t h e m ain re sul t of t hi s s ect ion.

Th eorem 3. L et P b e a p oint in the halfplane x � a= 2 . L et D U ( P ) denote the derivative of the map U at

P . Then

D U ( P )( K ( P )) � K ( U P ) :(26)
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Pr o of. Of cours e, w e will p erform t h e n ece s sary calcula t ions us in g radial co ordin a t e s. More preci s ely , w e will

calcula t e t h e d er iv a t iv e of t h e m ap ( r

2

; s

2

) 7! (( r

0

)

2

; ( s

0

)

2

), wh ere r

0

an d s

0

are giv en b y t h e equa t ions

( r

0

)

2

= �

�

1

r

� 1

�

s

2

+ (1 � r ) +

a

2

r

;

s

0

= 1 � r(27)

fo llo win g f rom 19 of Lemm a 9. Th e us e of square s of r an d s will pro d u ce a som ewh a t more p le as in g �n al

re sul t. Th us,

d ( r

0

)

2

=

�

1

r

2

s

2

� 1 �

a

2

r

2

�

dr �

�

1

r

� 1

�

ds

2

=

s

2

� r

2

� a

2

2 r

3

dr

2

�

s

0

r

ds

2

:(28)

On t h e ot h er h an d, d ( s

0

)

2

= � 2 s

0

dr = � ( s

0

=r ) dr

2

. Hence, t h e m a tr ix of D U ( P ) can b e expre s s e d in radial

co ordin a t e s as

�

s

0

r

�

�

s

2

� r

2

� a

2

2 r

2

s

0

1

1 0

�

:(29)

Th e pre s erv a t ion of con e s i s mo st cle arly sh o wn b y wr it in g a form ula for t h e pro ject ivi s e d m ap D U ( P ) as a

lin e ar f ract ion al m ap:

d ( r

0

)

2

d ( s

0

)

2

= �

s

2

� r

2

� a

2

2 r

2

s

0

+

�

dr

2

ds

2

�

� 1

:(30)

As lon g as t h e expre s s ion s

2

� r

2

� a

2

� 0, t h e n ega t ivit y of t h e ra t io dr

2

=ds

2

i s pre s erv e d. Thi s i s in e s s ence

t h e st a t em en t of t h e lemm a. W e not e t h a t s

2

� r

2

� a

2

= 0 on t h e lin e p erp en dicular t o O

1

O

2

an d pas s in g

t hrough O

2

, i.e. t h e lin e x = a= 2. Moreo v er, s

2

� r

2

� a

2

� 0 i� x � a= 2.

4.3. The b ounds on the e quichor dal curve

Let us ap p ly t h e in v ar iance of t h e con e s in tro d u ce d in t hi s s ect ion in ord er t o pro v e t h e fo llo win g t h eorem

(cf. Figure 7):

Th eorem 4. L et D b e the set of p oints P = ( x; y ) for which

1. x � b (we r e c al l that b = a= 2 );

2. j P O

1

j � j A

2

O

1

j ; we note that j A

2

O

1

j = (1 � a ) = 2 ;

3. j P O

2

j � j A

2

O

2

j ; we note that j A

2

O

2

j = (1 + a ) = 2 .

The r e gion D is c ontaine d in the domain of U , i.e. the unit disk ab out O

2

.

Ther e is a unique numb er L > 0 and a unique analytic ar c 
 : [ � L; L ] ! D such that

1. 
 (

_

I ) is c ontaine d in the line x = b ; mor e over, the p oints of 
 (

_

I ) ar e the only p oints of the ar c 
 which lie

in the b oundary of D ;

2. 
 (]0 ; L ]) is c ontaine d in the upp er halfplane, 
 ([ � L; 0[ ) is c ontaine d in the lower halfplane and 
 (0) = A

2

;

3. 
 ( t ) and 
 ( � t ) ar e symmetric with r esp e ct to the x -axis for every t 2 [0 ; L ] ;

4. k 


0

( t ) k = 1 , i.e. 
 is p ar ameterize d by the length element;

5. 


0

( t ) 2 K ( 
 ( t )) for al l t 2 I ;

6. 
 ([ � L; L ]) � � ( A

2

) .

Pr o of. Th e pro of of t h e f act t h a t D i s con t ain e d in t h e u nit circle (not sh o wn in Figure 7) a b ou t O

2

i s

straigh tforw ard.

Th e n ext st ep of t h e pro of i s a constru ct ion of an in v ar ian t curv e 


0

: [ � �; � ] ! D whic h h as all t h e

pro p ert ie s li st e d a b o v e except t h a t it do e s not ext en d t o t h e b ou n d ary of t h e region D , i.e. it do e s not h a v e

t h e �rst pro p ert y . Thi s can b e ac hiev e d b y it era t in g a piece of a circle wit h cen t er a t t h e or igin an d pas s in g
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O







1

O

1

O

2

A

2

D

Fig. 7. Th e in v ar ian t region D

t hrough A

2

. Thi s circle i s cle arly in D an d it sa t i s�e s t h e con e con dit ion. Th e it era t ions of t hi s circle forw ard

b y U con v erge t o a curv e 


0

wit h t h e d e s ire d pro p ert ie s via t h e pro of of t h e In v ar ian t Manifo ld Th eorem. W e

v er ify e as ily t h a t all pro p ert ie s li st e d carry t hrough t h e it era t ion pro ce s s an d are also v alid aft er pas s in g t o

t h e limit.

Su b s equen t ly , w e n ee d t o sh o w t h a t a curv e 


0

, whic h i s alre ady in v ar ian t in t h e s ens e t h a t it s im age u n d er

U con t ains 


0

([ � �; � ]), can b e enlarge d b y t h e it era t ion pro ce s s t o ext en d t o t h e lin e x = b . More preci s ely ,

if 


n

: [ � L

n

; L

n

] ! D d enot e s t h e curv e U

n

� 


0

param et er ize d b y it s len gt h elem en t t h en w e n ee d t o sh o w

t h a t for som e n t h ere i s a n u m b er L su c h t h a t 


n

( L ) lie s on t h e lin e x = b . Th us, it su�ce s t o sh o w t h a t for

som e n t h e curv e 


n

ext en ds up t o t h e lin e x = b . Thi s i s true b eca us e ev ery p oin t P in D will le a v e D aft er

a �nit e n u m b er of st ep s an d will en d up in t h e h alf-p lan e x < b . In d ee d, if P i s clo s e t o t h e lin e O

1

O

2

t h en it

will mo v e aw ay f rom t hi s lin e b y a di st ance whic h i s u niformly b ou n d e d aw ay f rom 0, d ue t o t h e f act t h a t a

n e igh b orh o o d of A

2

i s fo lia t e d b y u nst a b le le a v e s of t h e p oin t s of O

1

O

2

. If w e are alre ady wit hin a di st ance

� f rom O

1

O

2

t h en w e will f all in t o t h e h alf-p lan e x < b aft er a n u m b er of st ep s u niform in � . Thi s i s d ue t o

t h e f act t h a t all p oin t s on a lin e l pas s in g t hrough O

2

mo v e t o w ards t h e h alf-p lan e x < b , as m e asure d b y t h e

incre as e of t h e an gle � (s ee Figure 5). Moreo v er, t h e incre as e of t h e an gle � i s u niform in � .

Fin ally , let us addre s s t h e i s sue of in t ers ect ions of 
 wit h t h e b ou n d ary of D . Equa t ion 30 imp lie s t h a t

t h e t an gen t 


0

( t ) i s strictly in the interior of t h e con e K ( 
 ( t )) for all t 2 [ � L; L ]. Moreo v er, t hi s imp lie s t h a t

if t h e curv e 
 i s expre s s e d in co ordin a t e s ( r ; s ) as r = h ( s ), i.e. as a graph of a fu nct ion h , t h en t h e fu nct ion

h i s str ict ly d ecre as in g. Thi s transla t e s in 
 lyin g in t h e in t er ior of D , except for 
 (

_

I ).

Lemm a 11. The image under U of the interse ction of the two unit disks ab out O

1

and O

2

is disjoint fr om

the disk of r adius a= 2 ab out O .

Pr o of. W e will us e radial co ordin a t e s. In view of Lemm a 10 t h e region in que st ion i s d e scr ib e d in radial

co ordin a t e s as

R = f ( r ; s ) : 0 < r ; s < 1 ; j r � s j � a g :(31)
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Th e di sk of radi us a= 2 a b ou t O i s giv en b y t h e in equalit y r

2

+ s

2

� a

2

. W e n ee d t o sh o w t h a t if ( r

0

; s

0

) are

giv en b y form ulas 19, wh ere ( r ; s ) 2 R , t h en ( r

0

)

2

+ ( s

0

)

2

> a

2

. W e h a v e t h e fo llo win g id en t it y:

( r

0

)

2

+ ( s

0

)

2

� a

2

= �

1 � r

r

s

2

+ (1 � r ) +

a

2

r

� a

2

+ (1 � r )

2

= �

1 � r

r

( s

2

� a

2

)(1 � r )(2 � r ) :(32)

Th us, ( r

0

)

2

+ ( s

0

)

2

> ( a= 2)

2

i�

s

2

� a

2

< 2 r � r

2

:(33)

Thi s i s equiv alen t t o s

2

+ ( r � 1)

2

< 1 + a

2

. Th us our que st ion re ally i s wh et h er t h e region R i s con t ain e d in

t h e di sk s

2

+ ( r � 1)

2

< 1 + a

2

. As it i s e asy t o s ee, t hi s i s in d ee d t h e cas e (s ee Figure 8).

p

1 + a

2

r

(1 ; 0)

R

( a; 0)

(0 ; a )

(0 ; 1)

s

Fig. 8. Th e region R i s con t ain e d in t h e di sk s

2

+ ( r � 1)

2

< 1 + a

2

R emark 2. Th e im age of t h e part of t h e b ou n d ary of D lyin g on t h e lin e x = a= 2 u n d er U i s a u nion of t w o

s egm en t s of t h e lin e x = � a= 2. Th us, t h e im age curv e 


1

= U � 
 ext en ds t o t h e lin e x = � a= 2. Moreo v er,

t h e t an gen t of 


1

i s also in t h e corre sp on din g con e: 


0

1

( t ) 2 K ( 


1

( t )) for t 2 [ � L; L ]. Th us, 


1

con t ains t w o

arcs conn ect in g t h e lin e s x = a= 2 t o x = � a= 2. In part icular, 


1

in t ers ect s t h e y -axi s.

4.4. The star-like pr op erty for e quichor dal curves

W e recall t h a t w e d e�n e d a gen eralize d equic h ord al curv e as h a vin g t w o pro p ert ie s:

1. C � B ( O

1

; 1) \ B ( O

2

; 1);

2. T

i

( C ) � C for i = 1 ; 2.
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A priori , t hi s d e�nit ion could includ e curv e s whic h are not st ar-lik e. Ho w ev er, t h e m ain re sul t of t hi s s ect ion

can b e form ula t e d as fo llo ws:

Th eorem 5. L et C b e a gener alize d e quichor dal curve. Then the curve C is str ongly star-like with r esp e ct

to the p oints O

1

and O

2

and it is e quichor dal.

Pr o of. In d ee d, t h e gen eralize d equic h ord al curv e C (if it exi st s) i s a u nion of t h e curv e 


1

d e scr ib e d in

Rem ar k 2 an d it s mirror im age ~


1

in t h e y -axi s. Moreo v er, t h e s e curv e s m ust o v erlap in t h e region � a= 2 �

x � a= 2 b y Th eorem 2. Th e con e s are symm etr ic wit h re sp ect t o t akin g t h e mirror im age. Th us, t h e t an gen t

of C a t an y P 2 C i s alw ays in t h e con e K ( P ). W e claim t h a t C i s stron gly st ar-lik e if C i s di sjoin t f rom

t h e di sk x

2

+ y

2

� ( a= 2)

2

. In d ee d, if a p oin t P i s ou t s id e of t h e di sk t h en t h e con e K ( P ) do e s not con t ain

t h e t w o lin e s conn ect in g P t o O

1

an d O

2

. Thi s imp lie s t h a t C i s stron gly st ar-lik e. Bu t w e can s ee e as ily

T

1

( P )

T

2

( P )

O

2

P

O

1

Fig. 9. C i s di sjoin t f rom t h e di sk x

2

+ y

2

� ( a= 2)

2

t h a t if P i s in t h e di sk x

2

+ y

2

� ( a= 2)

2

t h en T

1

( P ) =2 B ( O

2

; 1) an d T

2

( P ) =2 B ( O

1

; 1) (cf. Figure 9). In d ee d,

t h e an gle a t P form e d b y t h e s egm en t s P O

1

an d P O

2

i s obt us e. Hence, j T

1

( P ) � O

2

j � j T

1

( P ) � P j = 1.

Similarly , j T

2

( P ) � O

1

j � j T

2

( P ) � P j = 1. Hence, a gen eralize d equic h ord al curv e C i s di sjoin t f rom t h e di sk

x

2

+ y

2

� ( a= 2)

2

.

R emark 3. Dirac [4] pro v e d t h a t if an equic h ord al curv e C exi st s t h en it i s di sjoin t f rom t h e di sk cen t ere d

a t O

i

wit h radi us (1 � a ) = 2, i = 1 ; 2. He also pro v e d t h a t C i s con t ain e d in t h e u nion of t h e di sks cen t ere d

a t O

i

of radi us (1 + a ) = 2. Th e s e b ou n ds fo llo w f rom our in�nit e s im al con e con dit ion (t h e t an gen t lin e t o C

a t P 2 C i s in K ( P )), as it w as ob s erv e d in t h e pro of of t h e last t h eorem. Dirac's con dit ion w as us e d b y

Mic h elacci [12 ] t o e st a b li sh t h e a b s ence of equic h ord al curv e s for a > : 33.

5. Het ero clini c conn ect ions of alge brai c rela t ions

In t h e curren t s ect ion w e addre s s t h e prob lem of t h e exi st ence of h et ero clinic an d h omo clinic conn ect ions for

alge braic m ul t iv alue d m ap pin gs. W e will form ula t e our re sul t s for t h e cas e of h et ero clinic conn ect ions, as it

i s direct ly ap p lica b le t o t h e Equic h ord al P oin t Prob lem. Th e cas e of h omo clinic conn ect ions can b e h an dle d

in an id en t ical w ay .

Th e re ad er will ob s erv e t h a t in t hi s s ect ion w e syst em a t ically us e t h e comp lex dom ain. Unle s s st a t e d ot h-

erwi s e, ev ery v ar ia b le as su m e s comp lex v alue s. In previous s ect ions som e of our cons id era t ions h ad inh eren t ly

re al-dom ain c h aract er, for examp le t h o s e of s ect ion 4. Mo st cons id era t ions, h o w ev er, e sp ecially of alge braic

c h aract er, do not d ep en d on wh et h er w e st ay in t h e re al or comp lex dom ain. In part icular, t h e form ulas for

t h e pro ject iv e an d s emi-pro ject iv e co ordin a t e s rem ain t h e sam e. Th e equic h ord al m ap h o w ev er, relie d up on

t h e c h oice of t h e branc h of

p

� . As w e con t in ue t h e equic h ord al m ap in t o t h e comp lex dom ain, w e m ay arr iv e

a t b ot h branc h e s of

p

� d ep en din g on t h e pa t h of an alyt ic con t in ua t ion. It i s our in t en t ion t o constru ct global

ob ject s. Th us in ord er t o h a v e go o d lo cal pro p ert ie s, w e m ust allo w arbitrary an alyt ic con t in ua t ions. Thi s i s

wh y w e n ee d t o cons id er t h e equic h ord al m ap as a m ul t iv alue d m ap in t h e comp lex dom ain.

Fin ally , t h e alge braic c h aract er of t h e equic h ord al m ap will also b e imp ort an t. W e not e t h a t wh en w e

it era t e an an alyt ic curv e via an alge braic m ap, t h e n ewly in tro d u ce d s in gular it ie s are alge braic an d t h ey

can b e d e al t wit h e as ily b y �llin g in re sul t in g pu nct ure s. In pr incip le our t ec hnique s sh ould b e ap p lica b le t o

cert ain non-alge braic m ap s wit h alge braic s in gular it ie s, for inst ance t h e on e s in v o lvin g expre s s ions s in z +

p

z .
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5.1. Basic notions

Let X b e a comp lex pro ject iv e v ar iet y of dim ens ion n . Th us, X can b e re alize d as a su b v ar iet y of a comp lex

pro ject iv e space P

r

( C ) for som e r . Ho w ev er, t h e part icular m et h o d of em b e ddin g i s imm a t er ial. Th e only

reference t o t h e am bien t pro ject iv e space i s m ad e wh en w e d e�n e a h o lomorphic m ap b et w een v ar iet ie s. A

m ap i s h o lomorphic a t a p oin t if it i s a re str ict ion of a h o lomorphic m ap of t h e am bien t pro ject iv e space s.

Let R � X � X b e a su b v ar iet y of dim ens ion n . W e w ould lik e t o t hink of R as a graph of a m ul t iv alue d,

lo cally in v ert ib le m ap, wit h t h e except ion of a sm all s et of p oin t s. W e pro cee d t o form ula t e an ap pro pr ia t e

s et of as su mpt ions.

Let �

i

: X � X ! X , i = 1 ; 2, b e t h e pro ject ion on t o t h e �rst an d s econ d f act ors re sp ect iv ely . W e will

as su m e t h a t

1. �

l

( R ) = X for l = 1 ; 2;

2. t h ere i s a su b v ar iet y S of dim ens ion str ict ly le s s t h an n su c h t h a t t h e m ap �

l

j R i s bih o lomorphic a t p oin t s

of R n S for l = 1 ; 2.

If t h e a b o v e as su mpt ions are sa t i s�e d t h en w e call R a non-singular binary algebr aic r elation on X , or s imp ly

an algebr aic r elation .

If R i s an alge braic rela t ion t h en for mo st p oin t s it can b e lo cally repre s en t e d as a graph of a bih o lomorphic

m ap. Let S

i

= �

i

( S ). Th e s e are t w o su b v ar iet ie s of X of dim ens ion < n . If x 2 X n S

1

an d let �

� 1

1

( x ) =

f y

1

; y

2

; : : : ; y

m

g . Th ere exi st s a n e igh b orh o o d U of x t ot ally con t ain e d in X n S

1

an d a m ap �

j

: U ! X ,

j = 1 ; 2 ; : : : ; m su c h t h a t

R \ ( U � X ) =

m

[

j =0

graph ( �

j

) :(34)

Moreo v er, graph ( �

j

) \ graph ( �

k

) = ; for j 6= k . Th e m ap s �

j

will b e calle d t h e lo c al br anches of t h e rela t ion

R .

A s imilar constru ct ion can b e carr ie d ou t for t h e in v ers e rela t ion R

� 1

b y exc h an gin g t h e ro le of t h e f act ors

in X � X .

W e not e t h a t rela t ions can b e it era t e d an d t h us t h ey in tro d u ce a clas s of dyn amical syst ems. F or ev ery

n � 1 w e d e�n e R

n

� X

2

as t h e s et of pairs ( x

0

; x

n

) su c h t h a t t h ere exi st x

1

; x

2

; : : : ; x

n � 1

2 X wit h t h e

pro p ert y t h a t for k = 0 ; 1 ; : : : ; n � 1 w e h a v e ( x

k

; x

k +1

) 2 R . Thi s ob ject i s also kno wn as t h e n -t h tr ansitive

closur e of t h e bin ary rela t ion R . A t up le ( x

0

; x

1

; : : : ; x

n

) wit h t h e pro p ert y t h a t for k = 0 ; 1 ; : : : ; n � 1 w e

h a v e ( x

k

; x

k +1

) 2 R i s also calle d an orbit or tr aje ctory of R of len gt h n + 1. In�nit e an d s emi-in�nit e orbit s

can also b e d e�n e d.

Th e n -t h trans it iv e clo sure can b e also repre s en t e d in t h e fo llo win g w ay:

R

n

= �

0 ;n

 

n � 1

\

k =0

�

� 1

k ;k +1

( R )

!

;(35)

wh ere �

k ;l

: X

n +1

! X

2

i s t h e pro ject ion on t o t h e k -t h an d l -t h f act or. Th e in t ers ect ion, whic h lie s in X

n +1

,

i s ob viously a v ar iet y . A pro ject ion of a v ar iet y i s a v ar iet y , if t h e pro ject ion m ap i s pro p er. As w e re str ict e d

ours elv e s t o t h e cas e of pro ject iv e v ar iet ie s, ev ery pro ject ion i s a u t om a t ically pro p er.

W e not e t h a t an im age an d pre im age of a s et i s w ell d e�n e d for rela t ions. F or inst ance R ( A ) = f y : 9 x 2

A : ( x; y ) 2 R g . If R i s an alge braic rela t ion (not n ece s sar ily regular) t h en im age s an d pre im age s of alge braic

v ar iet ie s are also v ar iet ie s. In d ee d, R ( A ) = �

2

�

( A � X ) \ R

�

. Th e in t ers ect ion i s a su b v ar iet y . If t h e pro ject ion

i s pro p er t h en so i s R ( A ). W e will n ee d t o cons id er t h e cas e of h o lomorphic su b v ar iet ie s A . In t hi s cas e R ( A )

i s pro p er if t h e pro ject ion �

2

i s pro p er.

In addit ion, if R i s a non-s in gular alge braic rela t ion t h en t h e sam e i s also true for R

n

for all n � 1. Thi s

can b e sh o wn e as ily bas e d on t h e f act t h a t comp o s it ions of n regular lo cal branc h e s of R form regular lo cal

branc h e s of R

n

.

Th e ful l forwar d image of a s et A � X i s t h e s et

1

[

n =0

R

n

( A ) :(36)
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In a s imilar w ay w e d e�n e a ful l b ackwar d image an d ful l (two-side d) image of a s et.

Our �n al rem ar k concer ns rela t ions for whic h S = ; . In t hi s s it ua t ion �

l

j R for l = 1 ; 2 i s a co v er in g m ap.

If �

l

j R , l = 1 ; 2, h as m ul t ip licit y 1 t h en t h e s e m ap s are bih o lomorphic, whic h i s equiv alen t t o R b e in g a graph

of a bih o lomorphic m ap of X . Also, t h e Riem ann remo v a b le s in gular it y t h eorem imp lie s t h a t if S i s �nit e an d

�

l

j R h as m ul t ip licit y 1 t h en S i s act ually empt y an d R i s a graph of a bih o lomorphic m ap. Thi s cr it er ion i s

e sp ecially us eful wh en dim X = 1.

5.2. Invariant varieties

Let R b e an alge braic rela t ion on a pro ject iv e v ar iet y X an d let V � X b e a su b v ar iet y . W e w ould lik e t o

giv e a d e�nit ion of V b e in g invariant u n d er R . It i s t empt in g t o say t h a t V i s in v ar ian t wh en R ( V ) � V or

so. Ho w ev er, h ardly an y v ar iet y w ould b e in v ar ian t in t hi s s ens e. Th us w e will ado pt a w e ak er d e�nit ion.

De�nit ion 4. A subvariety V � X is invariant if

1. the set V

0

= V n ( �

1

( S ) [ �

2

( S )) is Zariski-op en and dense in V ;

2. ther e exists a non-singular algebr aic r elation R

0

on V such that R

0

� R under the natur al identi�c ation

V � V � X � X .

W e not e t h a t t h e �rst con dit ion i s t o a v oid t h e s it ua t ion wh en ( V � V ) \ R h as dim ens ion gre a t er t h an dim V

a t p oin t s wh o s e dim ens ion i s as big as dim V . W e not e t h a t R

0

i s a su b v ar iet y of ( V � V ) \ R . Th ere could

b e s ev eral ot h er comp on en t s, amon gst t h em som e t h a t are not non-s in gular alge braic rela t ions.

W e will call an in v ar ian t v ar iet y V or dinary if t h e rela t ion R

0

h as empt y s in gular s et. In t hi s s it ua t ion

R

0

i s a graph of a co v er in g m ap. As w e h a v e m en t ion e d, if R

0

h as m ul t ip licit y 1 t h en R

0

i s a graph of a

bih o lomorphic m ap of V .

5.3. A n example

In t hi s su b s ect ion w e will d e scr ib e on e of t h e few non-tr ivial examp le s of an in v ar ian t v ar iet y for an alge braic

rela t ion. It re sul t s f rom t h e st udy of t h e equirecipro cal prob lem. Th e alge braic rela t ion can b e expre s s e d in

t h e form of t h e fo llo win g di�erence equa t ion, wh en pro ject iv e co ordin a t e s are us e d:

z

n +1

� z

n � 1

= c

p

1 + z

2

n

:(37)

Thi s equa t ion h as a v ery s imilar stru ct ure t o t h e di�erence equa t ion whic h o ccurre d in our st udy of t h e

Equic h ord al P oin t Prob lem. It can b e s een e as ily t h a t t hi s di�erence equa t ion h as a on e-param et er f amily of

so lu t ions whic h can b e repre s en t e d b y t h e fo llo win g form ulas:

z

n

= f ( �

n

w ) ;

f ( w ) =

1

2

�

w �

1

w

�

;

c = � �

1

�

:(38)

In d ee d, it i s su�cien t t o sh o w t h a t equa t ion 37 h o lds for n = 0. W e h a v e

z

1

= �w �

1

�w

;

z

� 1

=

w

�

�

�

w

;

z

1

� z

� 1

=

1

2

�

� �

1

�

� �

w +

1

w

�

:(39)

W e comp let e t h e pro of b y in v okin g t h e id en t it y:
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p

1 + f ( w )

2

=

1

2

�

w +

1

w

�

:(40)

Let us d e�n e t h e m ul t iv alue d m ap (bu t s in gle-v alue d in t h e re al dom ain, if w e agree t o c h o o s e t h e pr incipal

branc h of

p

� ):

F ( �

0

; �

1

) = ( �

1

; �

0

+ c

q

1 + �

2

1

) :(41)

Th e di�erence equa t ion i s rela t e d t o t hi s m ap pin g via t h e form ula F ( z

n � 1

; z

n

) = ( z

n

; z

n +1

). Th us, �n din g a

so lu t ion t o t h e di�erence equa t ion i s equiv alen t t o it era t in g t h e m ap F .

Let us in t erpret equa t ions 39 as t h e f act t h a t F p o s s e s s e s an in v ar ian t v ar iet y . Let us d e�n e a m ap pin g

g : C

�

! C

2

b y t h e form ula:

g ( w ) = ( f ( w ) ; f ( �w )) :(42)

Let V b e t h e im age of t h e m ap pin g g . It i s e asy t o s ee t h a t V i s an ordin ary in v ar ian t v ar iet y of t h e m ul t iv alue d

m ap F . Th e rela t ion R

0

i s d e scr ib e d us in g t h e param et er w as t h e graph of t h e a u t omorphi sm w 7! �w . W e

not e t h a t t h ere i s anot h er rela t ion R

00

on V , whic h i s t h e graph of t h e m ap w 7! � (1 =� ) w . W e not e t h a t if �

i s a ro ot of t h e equa t ion c = � � 1 =� t h en � 1 =� i s also a ro ot. W e can s ee e as ily t h a t ( V � V ) \ R = R

0

[ R

00

.

Th e s econ d comp on en t can b e obt ain e d f rom t h e a b o v e cons id era t ions b y c h o o s in g t h e ot h er branc h

p

1 + f ( w )

2

= �

1

2

�

w +

1

w

�

:(43)

F or s imp licit y , w e h a v e a v oid e d t h e pro ject iv e d et ails in t h e a b o v e argu m en t s. In ord er t o pu t t h e a b o v e

examp le in t o t h e pro ject iv e s et t in g, w e n ee d t o \add t h e p oin t s a t in�nit y" in t h e sam e w ay as w e h a v e don e

in d e alin g wit h t h e Equic h ord al P oin t Prob lem.

W e not e t h a t t h e v ar iet y V i s an alge braic curv e of gen us 0. Moreo v er, w e h a v e exp licit ly param et er ize d

it b y ra t ion al fu nct ions. As t h e re ad er will s ee, t hi s i s t h e only kin d of an in v ar ian t v ar iet y u n d er suit a b le s et

of as su mpt ions ap p lica b le t o t h e equic h ord al prob lem an d equirecipro cal prob lem. Ho w ev er, as w e will s ee,

in t h e cas e of t h e Equic h ord al P oin t Prob lem t h e exi st ence of an in v ar ian t v ar iet y of gen us 0 i s exclud e d.

W e not e t h a t t h e a b o v e v ar iet y , wh en transla t e d t o rect an gular co ordin a t e s, i s an ellip s e. Th us, w e h a v e

sh o wn in a rou n d-a b ou t w ay t h a t ellip s e s so lv e t h e equirecipro cal prob lem. Thi s re sul t b elon gs t o Klee [11]. See

also [5], wh ere lo w smo ot hn e s s so lu t ions t o t h e equirecipro cal prob lem are fou n d. Ho w ev er, our cons id era t ions

will also yield a n ew re sul t a b ou t t h e equirecipro cal prob lem: t h e ellip s e s are t h e only analytic so lu t ions t o

t h e equirecipro cal prob lem.

5.4. The e quichor dal r elation

Our m ain in t ere st i s t h e alge braic rela t ion d er iv e d in t h e cours e of our st udy of t h e Equic h ord al P oin t Prob lem.

Also, di scus s in g an examp le i s mo st ap pro pr ia t e b efore furt h er d ev elo pm en t of t h e t h eory .

Th e equic h ord al rela t ion can b e st udie d us in g s ev eral co ordin a t e syst ems. In rect an gular co ordin a t e s, w e

can cons id er t h e t w o lo cal branc h e s (cf. Lemm a 2):

F

�

( x; y ) =

 

� x �

x �

a

2

p

( x �

a

2

)

2

+ y

2

; � y �

y

p

( x �

a

2

)

2

+ y

2

!

:(44)

In b ot h form ulas t h e c h oice of t h e s ign sh ould b e t h e sam e. Cle arly , t h e s e fu nct ions are d e�n e d ev erywh ere

in C

2

except for a v ar iet y ( x � a= 2)

2

+ y

2

= 0, i.e. a u nion of t w o lin e s x � a = � iy . W e m ay ev en d e�n e

more lo cal branc h e s b y c h o o s in g an y branc h of t h e

p

� an d us in g t h e a b o v e form ula.

Th e equic h ord al rela t ion R repre s en t e d in rect an gular co ordin a t e s i s t h e su b s et of C

2

� C

2

whic h i s t h e

Zar i ski clo sure of t h e u nion of t h e graphs of all lo cal branc h e s d e�n e d a b o v e. It i s not t o o di�cul t t o exp licit ly

wr it e do wn t h e p o lynomial equa t ion of R . If ( x

2

; y

2

) = F ( x

1

; y

1

) t h en t h e co ordin a t e s x

1

, y

1

, x

2

, y

2

sa t i sfy

t h e fo llo win g syst em of p o lynomial equa t ions:

( x

2

+ x

1

)

2

(( x

1

� a )

2

+ y

1

)

2

� ( x � a= 2)

2

= 0 ;

( y

2

+ y

1

)

2

(( x

1

� a )

2

+ y

1

)

2

� y

2

= 0 :(45)
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In ord er t o s ee t h a t t hi s i s in d ee d t h e Zar i ski clo sure, w e n ee d t o sh o w t h a t t h e a�n e v ar iet y in C

2

i s

irre d u cib le. Thi s i s e as ily accomp li sh e d direct ly wit h t h e h elp of som e comm u t a t iv e alge bra. Ho w ev er, w e will

s ee t h a t w e h a v e alre ady pro v e d t hi s f act in direct ly in pro ject iv e co ordin a t e s (w e rem em b er t h a t irre d u cibilit y

of v ar iet ie s i s a bira t ion al in v ar ian t, an d t h us it i s su�cien t t o s ee t h a t t h e im age of t h e v ar iet y R in pro ject iv e

co ordin a t e s i s irre d u cib le).

Let us lo ok a t t h e equic h ord al rela t ion in pro ject iv e co ordin a t e s. Let X = P

1

( C ) � P

1

( C ) an d R i s d e�n e d

a t t h e s et of pairs (([ z

1

: w

1

] ; [ z

2

: w

2

]) ; ([ z

2

: w

2

] ; [ z

3

: w

3

])) wh ere t h e co ordin a t e s sa t i sfy t h e equa t ion:

a

2

w

2

2

( z

2

2

+ w

2

2

)( z

1

w

3

� z

3

w

1

)

2

= ( z

1

w

2

� z

2

w

1

)

2

( z

2

w

3

� z

3

w

2

)

2

:(46)

Thi s i s t h e expre s s ion t h a t w e d er iv e d in Lemm a 7. Th e n ext lemm a v er i�e s t h e m ain as su mpt ion of our

t h eory .

Lemm a 12. The variety R is an irr e ducible pr oje ctive variety. Mor e over, it is a non-singular algebr aic

r elation in the sense intr o duc e d in this se ction.

Pr o of. Ra t h er t h an v er ify t h e non-s in gular it y direct ly , w e will us e Lemm a 7. It i s a conclus ion f rom t h e pro of

of t h a t lemm a t h a t t h e s et of p oin t s of t h e form (([ z

1

: 1] ; [ z

2

: 1]) ; ([ z

2

: 1] ; [ z

3

: 1])), wh ere ( z

1

; z

2

; z

3

) sa t i s�e s

t h e di�erence equa t ion

1

z

1

� z

2

+

1

z

2

� z

3

= �

1

a

p

1 + z

2

2

:(47)

i s Zar i ski-o p en an d d ens e in R . Fin din g t h e branc h e s of R i s equiv alen t t o so lvin g t h e di�erence equa t ion

wit h re sp ect t o z

3

. W e h a v e an exp licit, al b e it comp lica t e d, form ula for z

3

:

z

3

=  

�

( z

1

; z

2

) = z

2

�

1

�

1

a

p

1+ z

2

2

�

1

z

1

� z

2

:(48)

Of cours e, w e n ee d t o exclud e a cert ain s et of p oin t s for whic h t h e r igh t-h an d s id e i s not d e�n e d, i.e. t h e

p oin t s for whic h e it h er z

2

= � i or a

2

(1 + z

2

2

) = ( z

1

� z

2

)

2

. Th e exclud e d p oin t s form a v ar iet y of dim ens ion

1. W e m ay ev en d e�n e t h e lo cal branc h e s of R as

�

�

([ z

1

: 1] ; [ z

2

: 1]) = ([ z

2

: 1] ; [  

�

( z

1

; z

2

) : 1]) :(49)

W e n ee d t o re str ict t h e dom ain t o an y n e igh b orh o o d on whic h a branc h of

p

1 + z

2

2

i s d e�n e d. Nev ert h ele s s,

t h e u nion of t h e graphs of all lo cal branc h e s constru ct e d in t hi s w ay �lls up a Zar i ski-d ens e su b s et of R . Th e

s in gular s et of �

1

j R i s di sjoin t f rom t hi s u nion an d t h us it h as dim ens ion sm aller t h an n = 2. It i s e asy t o

s ee t h a t t h e dim ens ion i s � 1. Th us, t h e s in gular su b v ar iet y S h as dim ens ion 1 in our s it ua t ion.

5.5. Fixe d p oints and lo c al invariant manifolds

W e will say t h a t a p oin t A 2 X i s a �xe d p oin t of a rela t ion R if ( A; A ) 2 R n S . Th us A i s a �xe d p oin t i�

t h e s et f A g i s an in v ar ian t v ar iet y . Th us, A i s a �xe d p oin t of a non-s in gular lo cal branc h F : U ! X of R ,

wh ere U i s a n e igh b orh o o o d of X . Moreo v er, t h e germ of t h e branc h F i s u niquely d et ermin e d.

Th e lo cal t h eory of dyn amical syst ems i s ap p lica b le t o t h e �xe d p oin t s u n d er cons id era t ion. Th e not ion of

a lo cal st a b le an d u nst a b le m anifo ld i s w ell-d e�n e d. More gen erally , w e m ay d e�n e a lo cal in v ar ian t m anifo ld.

5.6. Fixe d p oints of the e quichor dal r elation

W e h a v e alre ady di scus s e d t h e �xe d p oin t s of t h e equic h ord al rela t ion, us in g rect an gular co ordin a t e s of t h e

p lan e. Th ere are t w o �xe d p oin t s of t h e \pr incipal" branc h F

+

: A

1

= ( � 1 = 2 ; 0) an d A

2

= (1 = 2 ; 0). W e

h a v e alre ady s een t h a t D F

+

( A

i

) h as on e n eu tral e igen direct ion, n am ely t h a t of t h e h or izon t al axi s, an d on e

h yp erb o lic direct ion, corre sp on din g t o t h e v ert ical axi s. Th e h yp erb o lic e igen v alue a t A

1

an d A

2

i s
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�

1

=

1 � a

1 + a

;

�

2

=

1 + a

1 � a

re sp ect iv ely . W e not e t h a t

�

1

�

2

= 1 :(50)

Thi s last equa t ion i s a direct cons equence of t h e symm etry in t h e Equic h ord al P oin t Prob lem.

5.7. L o c al invariant manifolds of the e quichor dal r elation

Let A b e a st a b le �xe d p oin t of an alge braic rela t ion R an d let F : U ! X b e t h e u nique lo cal branc h of

R su c h t h a t F ( A ) = A . Let us sup p o s e t h a t a lo cal st a b le in v ar ian t curv e i s giv en, i.e. a h o lomorphic curv e

W = W

s

loc

( A ) � U su c h t h a t F ( W ) � W . Moreo v er, w e as su m e t h a t A i s an a t tract iv e �xe d p oin t wit hin W .

W e will �x a param et er iza t ion � : B (0 ; �

0

) ! W , B (0 ; �

0

) � C , whic h lin e ar ize s t h e m ap F , i.e. F � � = � � � .

Th us, t h e fo llo win g diagram comm u t e s:

B (0 ; �

0

)

�

� ! B (0 ; �

0

)

?

?

y

�

?

?

y

�

W

F

� ! W

(51)

Th e exi st ence of � fo llo ws f rom lo cal t h eory of dyn amical syst ems. Also, it will b e con v enien t t o in tro d u ce

not a t ion 	 = �

� 1

, 	 : W ! C . Th us, 	 i s a c h art on W , an d w e will call it t h e line arizing p ar ameter .

Cle arly , 	 � F = �	 .

Th e lo cal in v ar ian t m anifo ld of t h e equic h ord al rela t ion can b e t h ough t of as a lo cal so lu t ion of a cert ain

fu nct ion al equa t ion. A part icularly p le as in g form of t h e fu nct ion al equa t ion i s obt ain e d if t h e pro ject iv e

co ordin a t e s are us e d. Let � = ( f ; g ). F or an y z 2 B (0 ; �

0

) w e cons id er t h e p oin t s ( z

1

; z

2

) = � ( �

� 1

z )

an d ( z

0

2

; z

3

) = � ( z ). W e m ust h a v e z

0

2

= z

2

, whic h imp lie s t h a t g ( �

� 1

z ) = f ( z ). Hence g ( z ) = f ( �z ) for

z 2 B (0 ; �

� 1

�

0

) an d t h e lo cal in v ar ian t curv e can b e expre s s e d in t erms of only on e u nkno wn fu nct ion f .

Moreo v er, f rom Lemm a 7 w e kno w t h a t ( z

1

; z

2

; z

3

) sa t i sfy t h e di�erence equa t ion 10. Hence, w e obt ain t h e

fo llo win g fu nct ion al equa t ion:

1

f ( �z ) � f ( z )

+

1

f ( z ) � f ( z =� )

=

�

p

1 + f ( z )

2

(52)

whic h h o lds for z 2 B (0 ; �

� 1

�

0

). Th e a b o v e equa t ion d e�n e s a Riem ann surf ace of f . In our fu t ure cons id er-

a t ions w e will cons id er a n u m b er of Riem ann surf ace s stron gly rela t e d t o t hi s Riem ann surf ace. W e not e t h a t

t h e a b o v e fu nct ion al equa t ion pro vid e s a w ay t o con t in ue f t o a m ul t iv alue d fu nct ion d e�n e d on C , n am ely ,

giv en f ( �z ) an d f ( z ), w e m ay us e t h e a b o v e equa t ion t o d e�n e f ( �

� 1

z ). Thi s pro vid e s con t in ua t ion t o di sks

B (0 ; �

n

�

0

) for all n � 0.

It i s also straigh tforw ard t o d er iv e t h e fu nct ion al equa t ions in rect an gular an d s emi-pro ject iv e co ordin a t e s.

F or examp le, in s emi-pro ject iv e co ordin a t e s t h ere are t w o fu nct ions X ( z ) an d W ( z ) whic h sa t i sfy t h e fo llo win g

syst em of fu nct ion al equa t ions in a n e igh b orh o o d of 0:

X ( �z ) = � X ( z ) +

1

p

1 + W ( z )

2

;

W ( �z ) =

X ( �z ) + b

X ( �z ) � b

W ( z ) :

Thi s syst em will com e in h an dy in t h e �n al st age s of our pro of.
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5.8. The c onc ept of a glob al invariant curve

Once w e h a v e e st a b li sh e d t h e exi st ence of a lo cal in v ar ian t curv e, t h e n ext st ep in t h e clas s ical t h eory of

dyn amical syst ems w ould b e t o constru ct a global in v ar ian t curv e b y it era t in g W bac kw ards an d t akin g t h e

u nion of t h e pre im age s. On e pro v e s t h en t h a t t h e re sul t in g curv e i s an em b e dd e d co p y of C (or R in t h e

re al cas e). F or alge braic rela t ions t h e s it ua t ion i s a lit t le more d elica t e. A s imp le-min d e d gen eraliza t ion of t h e

not ion of t h e global in v ar ian t curv e w ould le ad t o t h e fo llo win g d e�nit ion:

W

s

( A ) =

1

[

n =0

R

� n

( W

s

loc

( A )) :(53)

Ho w ev er, t h e pre im age s calcula t e d alon g di�eren t c h ains of lo cal branc h e s can in t ers ect in comp lica t e d w ays.

It i s not di�cul t t o im agin e (al t h ough a bit h ard er t o constru ct an alyt ic an d alge braic examp le s) in whic h

W

s

( A ) i s not lo cally conn ect e d. Th us, W

s

( A ) constru ct e d in t hi s w ay i s not a v ery us eful ob ject.

Wh a t w e n ee d t o do i s t o m ak e us e of t h e alge braic, or a t le ast an alyt ic, stru ct ure t o syst em a t ically

d e s in gular ize t h e pre im age s R

� n

( W

s

loc

( A )) . Once w e h a v e don e t h a t, t h e mo di�e d u nion will b e a Riem ann

surf ace.

Th e clas s ical m et h o d of d e s in gular iza t ion of curv e s i s t h e us e of germs of curv e s inst e ad of p oin t s. Let us

br ie
y su mm ar ize t h e relev an t not ions an d exp lain h o w w e m ay ap p ly t h em t o constru ct W

s

( A ).

Let y 2 X b e a p oin t of t h e v ar iet y X . Let U

1

an d U

2

b e t w o n e igh b orh o o ds of y an d let V

1

an d

V

2

b e t w o d -dim ens ion al h o lomorphic v ar iet ie s in U

1

an d U

2

re sp ect iv ely , pas s in g t hrough y . W e d e�n e an

equiv alence rela t ion b y callin g ( U

1

; V

1

) equiv alen t t o ( U

2

; V

2

) i� t h ere i s a n e igh b orh o o d U � U

1

\ U

2

su c h

t h a t V

1

\ U = V

2

\ U . Th e equiv alence clas s of t hi s rela t ion i s calle d a germ of a variety a t y . In k eepin g wit h

t h e st an d ard not a t ion, t h e equiv alence clas s repre s en t e d b y ( U; V ) will b e d enot e d [ V ]

y

. W e will call t h e germ

non-singular if t h ere i s a repre s en t a t iv e in whic h V i s a non-s in gular v ar iet y . W e not e t h a t t h e dim ens ion of

a germ i s w ell-d e�n e d. If ( U; V ) i s t h e repre s en t a t iv e t h en t h e dim ens ion of V a t t h e p oin t y i s t h e dim ens ion

of t h e germ [ V ]

y

. Th e germs of curv e s are s imp ly non-s in gular germs of dim ens ion 1.

Th e full constru ct ion of W

s

( A ) cons i st s of t w o part s. In t h e �rst part w e constru ct an o p en an d d ens e

su b s et of W

s

( A ) whic h w e will d enot e b y

0

W

s

( A ) an d call t h e unbr anche d stable manifold of A . Roughly

sp e akin g,

0

W

s

( A ) i s obt ain e d b y t akin g pre im age s of W

s

loc

( A ) us in g only regular lo cal branc h e s of R . A t

t hi s st age, t h e surf ace

0

W

s

( A ) can h a v e pu nct ure s. P as s in g f rom

0

W

s

( A ) t o W

s

( A ) cons i st s of �llin g in t h e

pu nct ure s. In t h e �rst part w e us e only t h e an alyt icit y of t h e rela t ion R . Th e s econ d part relie s up on t h e

alge braic n a t ure of t h e s in gular it ie s of R .

5.9. The unbr anche d stable manifold

Th e constru ct ion of t h e u n branc h e d st a b le m anifo ld i s includ e d m ainly for t h e purp o s e of givin g t h e re ad er

t h e ins igh t t h a t will b e us eful in st udyin g t h e constru ct ion of t h e branc h e d m anifo ld. It p lays t h e in t erm e dia t e

ro le an alogous t o t h e u n branc h e d Riem ann surf ace as so cia t e d wit h an alge braic curv e. W e rem em b er t h a t

only aft er addin g branc h p oin t s t h e not ion of t h e Riem ann surf ace i s fully exp loit e d. Th e sam e st a t em en t can

b e m ad e a b ou t t h e fo llo win g constru ct ion. Th e re ad er sh ould consul t Figure 10 for a graphic illustra t ion of

t h e n ext d e�nit ion.

De�nit ion 5. (Un branc h e d st a b le m anifo ld) The surfac e

0

W

s

( A ) as a set c onsists of se quenc es of germs

( m

n

)

1

n =0

, wher e e ach m

n

is a germ of a curve V

n

at a p oint y

n

. We wil l r e quir e the fol lowing additional

pr op erties:

1. for every n � 0 ther e is a unique r e gular lo c al br anch �

n

of the r elation R such that �

n

( V

n

) = V

n +1

and

�

n

( y

n

) = y

n +1

;

2. for su�ciently lar ge n we have V

n

� W

s

loc

( A ) and �

n

= F .

Th e stru ct ure of a 1-dim ens ion al comp lex m anifo ld on

0

W

s

( A ) i s d e�n e d in t h e fo llo win g w ay . Let us �x t h e

curv e s V

n

as in t h e d e�nit ion a b o v e. Let N b e su c h t h a t for n � N w e h a v e V

n

� W = W

loc

( A ) an d �

n

= F .

Us in g t h e lin e ar izin g param et er on W , w e can in tro d u ce a f amily of c h art s on t h e curv e s V

n

via t h e form ula

	

n

= 	 � �

N

� �

N � 1

� � � � � �

n

(54)
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A

W

V

N

V

N +1

�

N � 1

�

N

V

N � 1

�

1

V

0

�

0

�

N � 2

V

1

Fig. 10. Constru ct in g t h e u n branc h e d st a b le m anifo ld

for n � N an d 	

n

= 	 j V

n

for n � N . F or ev ery init ial con dit ion z

0

2 V

0

w e cons id er t h e tra ject ory z

n

b y

requir in g t h a t �

n

( z

n

) = z

n +1

. Th e co ordin a t e n e igh b orh o o d of t h e s equence m = ( m

n

) i s t h e s et

U ( m ) = f ([ V

n

]

z

n

)

1

n =0

: z

0

2 V

0

, 8 n � 0 w e h a v e �

n

( z

n

) = z

n +1

g :(55)

Th e lo cal c h art i s d e�n e d as t h e m ap pin g

([ V

n

]

z

n

) 7! 	

0

( z

0

) :(56)

In t hi s w ay w e h a v e d e�n e d an a t las on

0

W

s

( A ). It i s cle ar t h a t t h e trans it ion m ap s are bih o lomorphic. Th e

a t las d e�n e s a Ha us sdorf t o p o logy on

0

W

s

( A ) whic h i s t h e minim al t o p o logy in whic h all lo cal c h art s are

con t in uous.

De�nit ion 6. (Th e shift m ap on t h e global st a b le m anifo ld) We de�ne the shift m ap � :

0

W

s

( A ) !

0

W

s

( A )

by the rule that ( m

n

) is mapp e d to ( m

0

n

) , wher e m

0

n

= m

n +1

for al l inte ger n .

Thi s m ap i s a h o lomorphic m ap of t h e Riem ann surf ace

0

W

s

( A ) in t o it s elf. In t h e c h art s in tro d u ce d b y

form ula 56 of

0

W

s

( A ) it i s repre s en t e d b y 	

1

� �

0

� 	

� 1

0

. Th us, � i s ev en a lo cal di�eomorphi sm.

W e not e t h a t t h e elem en t ([ W ]

A

)

1

n =0

i s a �xe d p oin t of � . W e will d enot e t hi s �xe d p oin t b y A , in spit e

of t h e sligh t p o s s ibilit y of confus ion. Moreo v er, it i s cle ar t h a t for ev ery p oin t m 2

0

W

s

( A ) t h ere i s n su c h

t h a t �

n

( m ) i s in t h e co ordin a t e n e igh b orh o o d of A :

U ( A ) = f ([ W ]

�

n

( z )

)

1

n =0

: z 2 W g :(57)

In addit ion,

lim

n !1

�

n

( m ) = A:(58)

By

0

W

s

N

( x ) w e will d enot e a su b s et of

0

W

s

( A ) constru ct e d in t h e sam e w ay as

0

W

s

( A ), except t h a t N i s

�xe d in t h e constru ct ion. Cle arly , w e h a v e t h e fo llo win g �l tra t ion pro p ert y:

W �

0

W

s

0

( A ) �

0

W

s

1

( A ) �

0

W

s

2

( A ) � : : : ;

0

W

s

( A ) =

1

[

N =0

0

W

s

N

( A ) :(59)

Th e equiv alence W �

0

W

s

0

( A ) i s giv en b y a m ap pin g whic h m ap s a p oin t z 2 W t o ([ W ]

z

n

)

1

n =0

, wh ere

z

n

= �

n

( z ).
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De�nit ion 7. (Th e lin e ar izin g param et er on

0

W

s

( A )) The map 	 : W

s

loc

( A ) ! C induc es an analytic map

 :

0

W

s

( A ) ! C de�ne d by the formula

 (([ V

n

]

z

n

)

1

n =0

) = �

� N

	 ( z

N

) ;(60)

wher e N is such that V

n

� W and �

n

= � for al l n � N . This map wil l b e c al le d the (global) lin e ar izin g

param et er on

0

W

s

( A ) .

Th us, w e h a v e t h e fo llo win g comm u t in g diagram of Riem ann surf ace s an d h o lomorphic m ap s:

0

W

s

( A )

�

� !

0

W

s

( A )

?

?

y

 

?

?

y

 

C

�

� ! C

(61)

W e not e t h a t  cannot b e exp ect e d t o b e a co v er in g m ap, d ue t o t h e pro paga t ion of s in gular it ie s u n d er

it era t ion. W e not e t h a t as t h e c h ains of curv e s V

n

b ecom e lon ger an d lon ger, w e m ay encou n t er n u m erous

s in gular it ie s of R . Ho w ev er, w e will s ee t h a t t h e s et of s in gular it ie s i s di scret e an d all of t h em are of alge braic

t yp e. Moreo v er, w e will pro v e for t h e equic h ord al rela t ion t h a t  j  

� 1

( B (0 ; � )) i s a co v er in g m ap of a di sk

B (0 ; � ) if only � i s su�cien t ly sm all.

5.10. The br anche d stable manifold of the e quichor dal r elation

On e w ay t o constru ct t h e branc h e d st a b le m anifo ld for t h e equic h ord al rela t ion i s obt ain e d b y a careful

param et er iza t ion of t h e u n branc h e d st a b le m anifo ld. Th e fo llo win g lemm a fo llo ws t hi s ap proac h. Al t h ough

t h e t ec hnique us e d in it s pro of i s re str ict e d in it s sco p e t o rela t ions wh o s e lo cal branc h e s can b e exp licit ly

wr it t en do wn, it h as t h e adv an t age of rela t iv e s imp licit y o v er more gen eral m et h o ds of comm u t a t iv e alge bra.

Th eorem 6. F or every N � 0 ther e exists � > 0 and a �nite subset

B

N

=

n

Z

( N )

1

; Z

( N )

2

; : : : ; Z

( N )

M

N

o

� B (0 ; �

0

) ;(62)

a c ol le ction of inte ger numb ers

�

�

( N )

j

�

M

N

j =1

, �

j

=2 f 0 ; 1 g and for every j 2 f 1 ; 2 ; : : : ; M

N

g a c ol le ction of

functions ( �

( N )

j;l

( � ))

N

l =0

, e ach function �

( N )

j;l

de�ne d on a punctur e d disk 0 < j � j < �

1 =�

( N )

j

, such that

1. for j = 1 ; 2 ; : : : ; M

N

and l = 1 ; 2 ; : : : ; N the function �

( N )

j;l

is analytic with the exc eption of an isolate d

non-essential singularity at 0 ;

2. for every � the se quenc e z

l

= �

( N )

j;l

( � ) , l = 0 ; 1 ; : : : ; N , solves the di�er enc e e quation 10; the p oint with

pr oje ctive c o or dinates ( z

N � 1

; z

N

) is in W = W

s

loc

( A ) and it is e qual to

�

�

Z

j

+ �

�

( N )

j

�

;

3. for every Z 2 B (0 ; �

0

) , Z =2 B

N

, ther e is � > 0 and 2

N

se quenc es of mer omorphic functions �

l

( � ) ,

l = 0 ; 1 ; : : : ; N , de�ne d on B ( Z ; � ) such that the p oint � ( � ) r epr esente d in pr oje ctive c o or dinates is

( �

N � 1

( � ) ; �

N

( � )) and for n = 1 ; 2 ; : : : ; N � 1 we have:

�

n � 1

( � ) = �

n

( � ) +

1

1

a

p

1 + �

n

( � )

2

�

1

�

n

( � ) � �

n +1

( � )

;(63)

for al l p ossible choic es of a br anch of

p

� ; mor e over, none of the e quations
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�

n

( � ) = � i;

�

n

( � ) = �

n +1

( � ) ;

1

a

p

1 + �

n

( � )

2

=

1

�

n

( � ) � �

n +1

( � )

:(64)

holds for � 2 B ( Z ; � ) and n = 0 ; 1 ; : : : ; N � 1 ; every germ ([ V

n

]

w

n

) 2

0

W

s

N

( A ) c an b e uniquely r epr esente d

by a se quenc e of varieties ( V

n

)

N

n =0

, wher e for n = 0 ; 1 ; : : : ; N the curve V

n

is p ar ameterize d by the e quations

z

n

= �

n

( � ) , z

n +1

= �

n +1

( � ) , wher e ( �

n

)

N

n =0

is one of the se quenc es de�ne d ab ove.

Pr o of. Th e pro of i s b y in d u ct ion on N .

F or N = 1 t h e s et B

0

= ; . F or ev ery Z 2 B (0 ; �

0

) w e m ay d e�n e �

0

an d �

1

us in g t h e equa t ion:

( �

0

( � ) ; �

1

( � )) = � ( � ) :

W e not e t h a t w e h a v e �

1

( �� ) = �

0

( � ), whic h fo llo ws f rom t h e d er iv a t ion of equa t ion 52. Bot h fu nct ions h a v e

a p o le a t � = 0. Th us, alre ady for N = 0 w e ru n acro s s m eromorphic fu nct ions.

Let us sup p o s e t h a t t h e st a t em en t of t h e t h eorem i s pro v e d for som e N � 0. Th e fu nct ion s equence s

( �

l

)

N +1

l =0

n ee d t o b e constru ct e d t o sa t i sfy t h e di�erence equa t ion 10. Th e part of t h e s equence ( �

l

)

N +1

l =1

can

b e direct ly t ak en f rom t h e st a t em en t of t h e lemm a for N , except w e shift t h e in dice s b y 1 t o t h e r igh t. W e

w ould lik e t o d e�n e �

0

in t erms of �

1

an d �

2

, us in g form ula 63 for n = 1. Of cours e, w e h a v e a c h oice of t h e

branc h of

p

1 + �

1

( � )

2

, an d t h us gen er ically t h e n u m b er of so lu t ions o v er a p oin t Z sh ould dou b le a t ev ery

st ep of in d u ct ion.

F orm ula 63 can b e also ap p lie d t o ext en d t h e s equence s ( �

( N +1)

j;l

)

N +1

l =1

for j = 1 ; 2 ; : : : ; M

N

(again, w e

h a v e shift e d t h e in d ex l b y 1, i.e. �

( N +1)

j;l

= �

N

j;l � 1

for l = 1 ; 2 ; : : : ; N + 1). It i s cle ar t h a t t h e form ula i s not

ap p lica b le a t cert ain p oin t s, an d t h e s e will h a v e t o b e add e d t o t h e branc h p oin t s et B

N

. W e will d e scr ib e

t h e addit ion pro ce s s in d et ail.

Th e ext ens ion form ula f ails for t h e p oin t s � for whic h on e of t h e fo llo win g equa t ions h o lds:

�

0

( � ) = � i;

�

1

( � ) = �

2

( � ) ;

1

a

p

1 + �

1

( � )

2

=

1

�

1

( � ) � �

2

( � )

:(65)

A priori , it could h ap p en t h a t on e of t h e s e equa t ions i s sa t i s�e d id en t ically . Thi s w ould require a m a jor

mo di�ca t ion of our argu m en t. In our fu t ure di scus s ion of ot h er alge braic rela t ions w e will refer t o t hi s

s it ua t ion as t h e de gener ate c ase . Ho w ev er, w e will pro v e direct ly , t h a t non e of t h e t hree equa t ions 65 i s sa t i s�e d

id en t ically . Th e id e a i s t o carry t h e x -co ordin a t e acro s s t h e in d u ct ion. Th us, for ev ery n = 0 ; 1 ; : : : ; N w e

d e�n e t h e fu nct ion

X

n

( � ) =

a

2

�

n � 1

( � ) + �

n

( � )

�

n � 1

( � ) � �

n

( � )

:(66)

W e kno w t h a t t h e s e fu nct ions sa t i sfy t h e recurrence rela t ions:

X

n +1

( � ) = � X

n � 1

( � ) +

�

n

( � )

p

1 + �

n

( � )

2

(67)

Of cours e, w e m ust us e t h e sam e branc h of

p

1 + �

n

( � )

2

in b ot h equa t ions 63 an d 67. Th e pro of of 67 i s

a s imp le calcula t ion. F or s imp licit y w e us e t h e not a t ion x

n

= X

n

( � ) an d z

n

= �

n

( � ). Bas e d on t h e form ula

x

n

= ( a= 2)( z

n � 1

+ z

n

) = ( z

n � 1

� z

n

) w e obt ain:

x

n

+ x

n +1

=

a

2

�

z

n � 1

+ z

n

z

n � 1

� z

n

+

z

n

+ z

n +1

z

n

� z

n +1

�

=

a

2

�

1 +

2 z

n

z

n � 1

� z

n

� 1 +

2 z

n

z

n

� z

n +1

�
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=

a

2

2 z

n

a

p

1 + z

2

n

=

z

n

p

1 + z

2

n

:(68)

No w w e h a v e m en t ion e d t h a t for Z = 0 t h e fu nct ions �

0

an d �

1

h a v e a s imp le p o le a t Z = 0. Th us t h e

fu nct ion X

1

( � ) h as a remo v a b le s in gular it y a t 0 an d X

1

(0) = � a . W e also h a v e t h e fo llo win g form ula

�

n � 1

( � ) =

a

2

X

n

( � ) +

a

2

X

n

( � ) �

a

2

�

n

( � ) :(69)

Thi s form ula will b e us e d in t h e in d u ct ion st ep t o d e d u ce t h e pro p ert ie s of �

0

( � ) f rom t h o s e of X

1

( � ) an d

�

1

( � ).

Th us, as a part of in d u ct ion w e includ e t h e fo llo win g st a t em en t s:

1. 0 =2 B

N

;

2. for Z = 0 an d all n � N t h e fu nct ion X

n

( � ) h as a remo v a b le s in gular it y a t � = 0 an d moreo v er,

X

n

(0) = � 1 = 2 + r , wh ere r i s an in t eger;

3. for Z = 0 an d for all n � N t h e fu nct ion �

n

( � ) h as a s imp le p o le a t � = 0.

Fin ally , w e carry acro s s t h e in d u ct ion st ep t h e st a t em en t t h a t for all n � N an d Z =2 B

N

t h e fu nct ion �

n

( � ) i s

a direct con t in ua t ion alon g som e pa t h of on e of t h e branc h e s constru ct e d o v er Z = 0, us in g only t h e fu nct ion

elem en t s constru ct e d in st ep N o v er p oin t s Z =2 B

N

. Thi s i s enough t o sh o w t h a t non e of equa t ions 65 can

b e sa t i s�e d id en t ically .

In d ee d, if t hi s w ere not t h e cas e t h en t h o s e equa t ions w ould b e sa t i s�e d b y on e of t h e fu nct ions �

n

( � )

constru ct e d o v er Z = 0. It i s cle ar t h a t t h e equa t ion Z

n

(0) = � i do e s not h o ld, as Z

n

( � ) i s re al for re al � .

Th e equa t ion �

0

( � ) = �

1

( � ) i s not sa t i s�e d id en t ically , b eca us e t h e v alue of X

n

(0) = � 1 = 2 + r imp lie s

t h a t t h e re s id ue

Re s

0

�

0

=

X

1

(0) +

a

2

X

1

(0) �

a

2

Re s

0

�

1

(0) :(70)

Hence, t h e pro p ert y t h a t �

n

h as a s imp le p o le a t 0 carr ie s acro s s t h e in d u ct ion st ep. Also Re s

0

�

0

6= Re s

0

�

1

an d �

0

( � ) = �

1

( � ) cannot h o ld id en t ically .

A s imilar re s id ue argu m en t sh o ws t h a t t h e equa t ion

1

a

p

1 + �

0

( � )

2

=

1

�

0

( � ) � �

1

( � )

do e s not h o ld id en t ically . In d ee d, calcula t in g t h e re s id ue s of b ot h s id e s of t h e equiv alen t equa t ion

a

p

1 + �

0

( � )

2

= �

0

( � ) � �

1

( � )

a t 0 w e obt ain:

� a Re s

0

�

0

= Re s

0

�

0

� Re s

0

�

1

:(71)

Hence, w e w ould h a v e

Re s

0

�

0

=

Re s

0

�

1

1 � a

:(72)

Equa t ion 70 an d t h e equalit y X

1

(0) = � 1 = 2 + r imp ly

� 1 = 2 + r + a= 2

� 1 = 2 + r � a= 2

=

1

1 � a

:(73)

Thi s equa t ion imp lie s aft er som e m anipula t ions t h a t 2 r + a � 1 = � 2. Th us, a i s an o dd in t eger. Hence t h ere

i s no so lu t ion in t h e ran ge of param et ers of in t ere st. Hence, w e obt ain a con tradict ion wit h t h e as su mpt ion

t h a t equa t ion 71 i s sa t i s�e d id en t ically .



A so lu t ion t o t h e Equic h ord al P oin t Prob lem 31

Hence, in t h e in d u ct ion st ep w e h a v e a �nit e s et of so lu t ions t o t h e syst em of equa t ions 65 t o d e al wit h.

Only t h e p oin t s �

0

wh ere �

1

( �

0

) = � i m ay le ad t o n ew branc h p oin t s. If �

0

do e s not sa t i sfy t hi s equa t ion

bu t it sa t i s�e s e it h er t h e �rst or t hird equa t ion alon e t h en a p o le ap p e ars in �

0

an d t hi s cre a t e s no prob lem.

If �

1

( �

0

) = � i t h en w e cons id er t h e La uren t s er ie s of 1 + �

1

( � )

2

a t �

0

:

1 + �

1

( � )

2

=

1

X

s = �

c

n

( � � �

0

)

s

= ( � � �

0

)

�

R ( � )(74)

wh ere c

�

6= 0 an d R i s an an alyt ic fu nct ion su c h t h a t R (0) 6= 0. If � i s ev en t h en t h ere i s no n ee d t o in tro d u ce

a n ew branc h p oin t. In d ee d, t h ere exi st t w o di�eren t branc h e s m eromorphic in a di sk a b ou t �

0

:

p

1 + �

1

( � )

2

= � ( � � �

0

)

�

2

p

R ( � ) :(75)

Ho w ev er, wh en � i s o dd, w e n ee d t o in tro d u ce a n ew branc h p oin t. First, w e in tro d u ce a n ew param et er �

su c h t h a t � = �

0

+ �

2

. W e rewr it e t h e fu nct ions �

n

for n = 1 ; 2 ; : : : ; N in t erms of t h e n ew param et er � . Wit h

re sp ect t o t hi s param et er w e h a v e

1 + �

1

( � )

2

= �

2 �

R ( �

0

+ �

2

) :(76)

Again, w e m ay wr it e do wn t w o di st inct m eromorphic branc h e s:

p

1 + �

1

( � )

2

= � �

�

p

R ( �

0

+ �

2

) :(77)

Pluggin g t hi s expre s s ion in t o 63 for n = 1 w e obt ain a m eromorphic fu nct ion �

0

( � ). If Z =2 B

N

t h en w e

s imp ly add �

0

t o B

N +1

(while k eepin g all t h e previously add e d p oin t s an d st art in g wit h B

N +1

= B

N

). W e

s imp ly ren am e � ! � an d obt ain t h e branc h e s ( �

l

) o v er �

0

.

If w e are p erformin g t h e ext ens ion constru ct ion for t h e s equence of fu nct ions �

l

= �

j;l

o v er t h e alre ady

constru ct e d branc h p oin t Z

( N )

j

2 B

N

t h en w e n ee d t o c h an ge t h e param et er sligh t ly . If �

0

6= 0 t h en w e

n ee d t o in tro d u ce a n ew param et er � so t h a t Z

( N )

j

+ ( �

0

+ �

2

)

�

( N )

j

= Z

( N )

j

+ �

�

( N )

j

0

+ �

2

, while addin g

Z

( N +1)

j

0

= Z

( N )

j

+ �

�

( N )

j

0

t o B

N +1

. In d ee d, t h e n ew � i s calcula t e d f rom t h e form ula:

� =

r

( �

0

+ �

2

)

�

( N )

j

� �

�

( N )

j

0

;(78)

whic h d e�n e s t w o branc h e s lo cally bih o lomorphic a t 0. It i s cle ar t h a t if �

0

= 0 t h en no n ew branc h p oin t i s

cre a t e d bu t �

( N +1)

j

= 2 �

( N )

j

.

Th eorem 6 giv e s us a straigh tforw ard w ay t o d e�n e t h e branc h e d st a b le m anifo ld of t h e equic h ord al rela t ion

s imp ly b y an a b stract constru ct ion of addin g cert ain p oin t s t o t h e u n branc h e d Riem ann surf ace. Th e re ad er

will ob s erv e t h a t Th eorem 6 d e�n e s an a t las on

0

W

s

( A ) compa t ib le wit h t h e a t las constru ct e d previously . Th e

n ewly add e d p oin t s are in 1:1 corre sp on d ence wit h t h e germs of fu nct ions ( �

( N )

j;l

)

N

l =0

, wh ere N v ar ie s f rom 0

t o 1 , j = 1 ; 2 ; : : : ; M

N

an d l = 0 ; 1 ; : : : ; N . Let us d enot e t h e p oin t s b y b

N ;j;l

al t h ough som e id en t i�ca t ions

m ay b e n ece s sary . Th e p oin t b

N ;j;l

h as a co ordin a t e n e igh b orh o o d U

N ;j;l

cons i st in g of b

N ;j;l

an d all elem en t s

in

0

W

s

N

( A ) constru ct e d b y t akin g a �

0

2 B (0 ; � ) an d cons id er in g t h e s equence of curv e s V

n

for n � N

d e�n e d b y a param et er iza t ion z

n

= �

n

( � ), z

n +1

= �

n

( � ) an d for n � N b y V

n +1

= � ( V

n

). All p o s s ib le

germs ([ V

n

]

w

n

) are cons id ere d, wh ere w

n

i s t h e p oin t of P

2

1

d e scr ib e d b y pro ject iv e co ordin a t e s ( z

n

; z

n +1

)

wh ere z

n

= �

n

( �

0

) an d z

n +1

= �

n +1

( �

0

). Th e p o le s of m eromorphic fu nct ions yield 1 . Th e lo cal c h art a t

b

N ;j;l

s en ds b

N ;j;l

t o 0 an d t h e just d e�n e d s equence ([ V

n

]

w

n

) t o �

0

. W e pro v e in a st an d ard m ann er t h a t

W

s

( A ) constru ct e d in t hi s w ay i s a Riem ann surf ace. It i s p o s s ib le t o wr it e

W

s

( A ) =

0

W

s

( A ) [ f b

N ;j;l

g(79)

wh ere t h e s econ d comp on en t i s a di scret e su b s et of W

s

( A ). Th e t o p o logy on W

s

( A ) i s t h e minim al t o p o logy

in whic h all c h art s are con t in uous.
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Th e shift m ap � :

0

W

s

( A ) !

0

W

s

( A ) ext en ds t o W

s

( A ) b y con t in uit y . Th e re sul t in g m ap i s h o lomorphic.

Ho w ev er, it i s no lon ger true t h a t � i s lo cally bih o lomorphic. It i s e asy t o s ee t h a t b

N ;j;l

b ecom e s a cr it ical

p oin t of ord er 2. It i s st ill true t h a t lim

n !1

�

n

( m ) = A for ev ery m 2 W

s

( A ).

Th e lin e ar izin g param et er ext en ds b y con t in uit y t o a fu nct ion  : W

s

( A ) ! C . It st ill h as t h e pro p ert y

 � � = � .

W e also h a v e a �l tra t ion of W

s

( A ) b y o p en su b s et s W

s

N

( A ) whic h are obt ain e d b y adjoinin g t h e branc h

p oin t s b

N ;j;l

t o

0

W

s

N

( A ). It i s also cle ar t h a t W

s

N

( A ) i s compact in W

s

N +1

( A ). Moreo v er, a t t h e exp ens e of

sligh t ly d ecre as in g �

0

w e m ay as su m e t h a t no b

N ;j;l

lie s on t h e b ou n d ary of W

s

N

( A ) whic h in t hi s cas e will b e

a re al-an alyt ic curv e. Th us, w e m ay t hink of W

s

N

( A ) as a Riem ann surf ace wit h an an alyt ic b ou n d ary .

Th e re ad er in t ere st e d in a more gen eral constru ct ion of a st a b le m anifo ld m ay consul t t h e A p p en dix,

s ect ion C for som e comm en t s.

5.11. The shadow map

Thi s m ap i s som ewh a t us eful in rela t in g t h e constru ct ions p erform e d on t h e Riem ann surf ace W

s

( A ) wit h

t h e dyn amics of t h e rela t ion R on t h e space X . It i s d e�n e d b y t h e form ula

S h (([ V

n

]

z

n

)

1

n =0

) = z

0

:(80)

Cle arly , S h : W

s

( A ) ! X an d

S h ( W

s

( A )) �

1

[

n =0

R

� n

( W

s

loc

( A )) :(81)

R emark 4. In gen eral t h e equalit y m ay not h o ld. It i s a que st ion wh et h er for t h e equic h ord al rela t ion t h e equal-

it y do e s h o ld. Thi s pro p ert y i s equiv alen t t o t h e que st ion wh et h er t h e pre im age s R

� n

( W

s

loc

( A )) pas s t hrough

t h e p oin t ( 1 ; 1 ) in pro ject iv e co ordin a t e s. Thi s i s t h e only p oin t x 2 X su c h t h a t dim( �

1

j R )

� 1

( x ) � 0 (it i s

= 1). In part icular, t h e m ap �

1

j R i s not wh a t i s calle d a �nite br anche d c overing (cf. [8]). If R

� N

( W

s

loc

( A ))

pas s e d t hrough ( 1 ; 1 ) t h en R

� N � 1

( W

s

loc

( A )) w ould h a v e comp on en t s whic h are not in S h ( W

s

( A )).

5.12. The glob al unstable manifold

If A i s an u nst a b le �xe d p oin t t h en w e m ay carry ou t a constru ct ion of t h e Riem ann surf ace W

u

( A ) s imp ly

b y rep lacin g R wit h R

� 1

an d c h an gin g t h e ord er of co ordin a t e s a n u m b er of t im e s. It will b e con v enien t t o

as su m e t h a t W

u

( A ) cons i st s of s equence s of germs ( m

n

)

0

n = �1

for re asons t h a t will b e cle ar so on. W e m ay

constru ct t h e shift m ap an d t h e lin e ar izin g param et er as w ell. Th e shift m ap i s t h e shift t o t h e r igh t, if t h e

con v en t ion just in tro d u ce d i s ob s erv e d.

5.13. The stable fan

Let us cons id er t h e s et

S

�

=  

� 1

( B (0 ; � )) :(82)

W e h a v e promi s e d t o sh o w t h a t  j S

�

i s a co v er in g m ap of B (0 ; � ) if � i s su�cien t ly sm all. W e s et ou t t o do

just t h a t.

Let D

�

= � ( B (0 ; � )) b e t h e im age of a sm all di sk in t h e comp lex p lan e. Let us cons id er t h e � -stable set of

or der N :

F

s

� ;N

( A ) = R

� N

( D

� �

N ( A )) :(83)

In view of F

� 1

( D

�

N +1

�

) = D

�

N

�

w e h a v e t h e fo llo win g �l tra t ion pro p ert y:

F

s

� ; 0

( A ) � F

s

� ; 1

( A ) � � � �(84)

W e d e�n e t h e � -stable set of t h e p oin t A d e�n e d as t h e s et
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F

s

�

( A ) =

1

[

N =0

F

s

� ;N

( A ) :(85)

Th e st a b le s et i s clo s ely rela t e d t o t h e constru ct ion of t h e global st a b le m anifo ld. W e cle arly h a v e

F

s

�

( A ) = S h (  

� 1

( B (0 ; � ))) ;

F

s

� ;N

( A ) = S h (  

� 1

( B (0 ; � )) \ W

s

N

( A )) :

In t h e cas e wh en R i s a graph of an ordin ary di�eomorphi sm t h e st a b le s et of a �xe d p oin t re d u ce s t o D

�

an d t h us it do e s not con tr ibu t e an yt hin g in t ere st in g t o t h e t h eory . Ho w ev er, as w e will s ee, t h e st a b le s et of

an equic h ord al rela t ion i s quit e in t ere st in g, an d it will b e instru m en t al t o our so lvin g t h e Equic h ord al P oin t

Prob lem.

In t h e cas e of t h e equic h ord al rela t ion t h e � -st a b le s et can b e d e scr ib e d more constru ct iv ely b y carefully

param et er izin g t h e comp on en t di sks. Let for � 2 f� 1 ; 1 g

F

�

( x; y ) =

 

� x + �

x �

a

2

p

( x �

a

2

)

2

+ y

2

; � y + �

y

p

( x �

a

2

)

2

+ y

2

!

(86)

b e t h e lo cal branc h of R . Let us cons id er s equence s � = ( �

0

; �

1

; : : : ; �

n � 1

), wh ere �

j

2 f� 1 ; 1 g . F or ev ery su c h

s equence w e m ay cons id er t h e comp o s it ion

F

�

= F

�

n � 1

� F

�

n � 2

� : : : � F

�

0

:(87)

W e m ay also cons id er t h e fo llo win g comp o s it ions:

�

�

= F

� 1

�

� � � �

n

:(88)

Let E b e t h e s et of all in�nit e s equence s ( �

n

)

1

n =0

, wh ere �

n

2 f� 1 ; 1 g for ev ery n � 0 an d for su�cien t ly

large n w e h a v e �

n

= +1. Due t o t h e pro p ert y F

� 1

1

� � � � = � w e h a v e t h e st a bilit y pro p ert y: if �

( n )

i s t h e

su b s equence ( �

0

; �

1

; : : : ; �

n � 1

) of t h e s equence � t h en for su�cien t ly large m; n w e h a v e

�

�

( m )

= �

�

( n )

:(89)

Th e common limit v alue will b e d enot e d �

�

. W e not e t h a t an al t er n a t iv e d e�nit ion of F

s

�

( A ) i s

F

s

�

( A ) =

[

� 2 E

�

�

( B (0 ; � )) :(90)

De�nit ion 8. (Th e st a b le f an) The family of mappings ( �

�

)

� 2 E

is c al le d the st a b le f an of the �xe d p oint A .

Let � = (1 ; 1 ; 1 ; : : : ). Cle arly � 2 E .

De�nit ion 9. (Ch aract er i st ic s et of t h e st a b le f an) L et

^

E � E b e the set of those se quenc es � for which

�

�

(0) = A . F or every � 2

^

E the numb er �

�

�

0

�

(0) = �

�

� �

0

�

(0) :(91)

is c al le d the c h aract er i st ic v alue of the element � .

The c h aract er i st ic s et of the stable fan is the set of al l char acteristic values:

M = f �

�

: � 2

^

E g :(92)

W e h a v e t h e fo llo win g s imp le lemm a:

Lemm a 13. The �

�

is indep endent of the choic e of the initial p ar ameterization � . Mor e over, M is a mul-

tiplic ative semi-gr oup with unity �

�

= 1 .
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La t er on w e will calcula t e M . W e will s ee t h a t it i s a di scret e su b s et of ]0 ; 1] wit h 0 b e in g an accu m ula t ion

p oin t. Th ere i s a di�eren t d e�nit ion of �

�

, t o o. On e t ak e s a �nit e, su�cien t ly lon g init ial su b s equence �

( N )

of

len gt h N of � . Th en on e calcula t e s t h e e igen v alue ~�

�

( N )

of D F

�

( N )

in t h e v ert ical direct ion. Su b s equen t ly on e

d e�n e s

�

�

=

~�

�

( N )

�

N

:(93)

Thi s d e�nit ion pro d u ce s t h e s emi-group pro p ert y ev en quic k er. Moreo v er, it t ells us t h a t t h e c h aract er i st ic

v alue s erv e s as a compar i son of t h e expans ion in t h e v ert ical direct ion for v ar ious branc h e s of R

N

t o t h a t of

t h e branc h F

N

.

Let � : E ! E b e t h e shift m ap t o t h e left:

� (( �

0

; �

1

; : : : )) = ( �

1

; �

2

; : : : ) :(94)

It will b e us eful t o d e�n e a s et E

N

for ev ery N 2 Z

+

as cons i st in g of all s equence s � 2 E su c h t h a t

Card f n 2 Z

+

: �

�

n

( � )

(0) 6= A g � N :(95)

It i s ob vious t h a t � ( E

N

) � E

N

an d t h a t

E =

1

[

N =0

E

N

:(96)

Th e n ext t h eorem sh o ws a sort of compactn e s s for t h e st a b le f an. Th e pro of i s an ela b ora t ion of t h e exi st ence

t h eorem for in v ar ian t curv e s.

Th eorem 7. Ther e is a c onstant �

0

with the fol lowing pr op erties:

1. for al l � 2 E the disk B (0 ; �

0

) is in the domain of �

�

;

2. for any se quenc e

�

�

( n )

�

1

n =0

of elements of E the fol lowing c onditions ar e e quivalent:

a) diam( �

�

( n )

( B (0 ; �

0

))) ! 0 as n ! 1 ;

b) for every N 2 Z

+

ther e is n

0

2 Z

+

such that for al l n � n

0

we have �

( n )

=2 E

N

;

3. if

�

�

( n )

�

1

n =0

is a se quenc e of elements of E

N

for some �xe d N 2 Z

+

then exactly one of the fol lowing two

statements is true:

a) ther e is a numb er M indep endent of k such that for al l n we have �

M

( �

( n )

) = � ; in this c ase ther e is

a �nite set E

0

� E such that al l elements of the se quenc e ( �

( n )

) b elong to E

0

;

b) ther e is a se quenc e ( n

k

) such n

k

% 1 , a numb er � 2 M , � < 1 , and � 2 E

N

such that �

�

( n

k

)

! �

�

� �

in the uniform top olo gy of holomorphic mappings on B (0 ; �

0

) .

The semi-gr oup M is a discr ete subset of ]0 ; 1] with 0 b eing an ac cumulation p oint. F urthermor e, if for some

se quenc e � 2 E we have �

�

= 1 then � = � .

Pr o of. It will b e con v enien t t o us e t h e s emi-pro ject iv e co ordin a t e syst em, in tro d u ce d in su b s ect ion 3.6. As

w e kno w, t h e equic h ord al m ap repre s en t e d in t hi s co ordin a t e syst em i s ( x; w ) 7! ( x

0

; w

0

) wh ere

x

0

= � x +

1

p

1 + w

2

;

w

0

=

x

0

+ a

x

0

� a

w(97)

wit h t h e u n d erst an din g t h a t w e calcula t e x

0

�rst an d us e it in t h e s econ d equa t ion.

Let us �x � 2 E an d cons id er t h e s equence of curv e s �

n

= �

�

n

( � )

. Cle arly , �

n

= F

� 1

�

n

� �

n +1

� � .

W e will st udy it era t ions of a curv e giv en param etr ically as

�

n

( u ) = ( x

n

( u ) ; w

n

( u )) :

W e h a v e t h e fo llo win g recurrence rela t ions, fo llo win g f rom form ulas 97:
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w

n

( u ) =

x

n +1

( �u ) � a

x

n +1

( �u ) + a

w

n +1

( �u ) ;

x

n

( u ) = � x

n +1

( �u ) +

�

n

p

1 + w

n

( u )

2

:(98)

W e not e t h a t for su�cien t ly large n w e h a v e �

n

= �

n +1

. Th erefore for large n t h e curv e s �

n

admit e st im a t e s

whic h are u niform in n . It i s our goal t o d er iv e u niform e st im a t e s for all n .

Let us as su m e t h a t t h e fo llo win g in equalit ie s h o ld wit hin a di sk B (0 ; � ) for � < �

0

:

j x

n

( u ) � x

n

(0) j

j u j

2

� p

n

( � ) ;

j w

n

( u ) j

j u j

� q

n

( � )(99)

for all u 2 B (0 ; � ). Here p

n

( � ) an d q

n

( � ) are t w o fu nct ions d e�n e d for all � < �

0

. W e will skip t h e d ep en d ence

on � in s ev eral e st im a t e s. Ho w ev er, t h e re ad er sh ould not e t h a t t h e d ep en d ence on � i s imp ort an t in t hi s

pro of.

Let us pic k C

1

in su c h a w ay t h a t for j w j < 1 = 2 w e h a v e

�

�

�

�

1

p

1 + w

2

� 1

�

�

�

�

� C

1

j w j

2

:(100)

If � i s sm all enough t h en w e h a v e t h e fo llo win g in d u ct iv e e st im a t e:

p

n

� p

n +1

�

2

+ C

1

q

2

n

:(101)

W e also h a v e

x

n +1

( u ) � b

x

n +1

(0) � b

= 1 +

x

n +1

( u ) � x

n +1

(0)

x

n +1

(0) � b

:(102)

No w, w e ob s erv e t h a t j x

n +1

(0) � b j � 1 = 2 � b for all n . Let C

2

= 1 = (1 = 2 � b ). W e obt ain

1 � C

2

j x

n +1

( u ) � x

n +1

(0) j �

�

�

�

�

x

n +1

( u ) � b

x

n +1

(0) � b

�

�

�

�

� 1 + C

2

j x

n +1

( u ) � x

n +1

(0) j :

Hence, w e obt ain t h e fo llo win g e st im a t e:

�

�

�

�

x

n +1

( u ) � b

x

n +1

( u ) + b

�

�

�

�

�

�

�

�

�

x

n +1

(0) � b

x

n +1

(0) + b

�

�

�

�

1 + C

2

j x

n +1

( u ) � x

n +1

(0) j

1 � C

2

j x

n +1

( u ) � x

n +1

(0) j

�

�

�

�

�

x

n +1

(0) � b

x

n +1

(0) + b

�

�

�

�

1 + C

2

p

n

j u j

2

1 � C

2

p

n

j u j

2

:(103)

Th us, w e imm e dia t ely obt ain

q

n

( � ) � �

�

�

�

�

x

n +1

(0) � b

x

n +1

(0) + b

�

�

�

�

1 + C

2

p

n +1

( � ) �

2

1 � C

2

p

n +1

( � ) �

2

q

n +1

( �� ) :(104)

W e not e t h a t t h e expre s s ion

�

n

= �

�

�

�

�

x

n

(0) � b

x

n

(0) + b

�

�

�

�

(105)

i s u niformly b ou n d e d b y a const an t � < 1, u nle s s x

n

(0) = � 1 = 2, wh en it i s equal t o 1. Thi s i s a sp ecial

extrem e pro p ert y of t h e �xe d p oin t of t h e equic h ord al rela t ion an d our pro of relie s up on t hi s f act. It fo llo ws

f rom t h e f act t h a t x

n

(0) = � 1 = 2 for su�cien t ly large n an d x

n

(0) = � x

n +1

(0) � 1. Th us x

n

(0) = � 1 = 2 + r

wh ere r i s an in t eger. In d ee d, �

n

i s m axim al wh en x

n

(0) i s n ega t iv e an d sm alle st in a b so lu t e v alue, i.e. wh en

x

n

(0) = � 1 = 2.

In ord er t o s et up an in d u ct iv e e st im a t e, let us sup p o s e t h a t for som e p o s it iv e const an t s P ; Q;

�

Q w e h a v e
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q

n

( � ) �

�

Q

1

Y

l = n +1

1 + C

2

P �

l

�

2

1 � C

2

P �

l

�

2

1

Y

l = n +1

�

l

;

p

n

( � ) � C

1

Q

2

1

X

l = n

�

2 l

:(106)

W e not e t h a t b ot h pro d u ct s con v erge; t h e s econ d on e d ue t o t h e f act t h a t �

l

= 1 for large l . Th e in d u ct iv e

e st im a t e s 101 an d 104 imp ly t h a t if t h e in equalit ie s 106 are v alid for n = n + 1 t h en t h ey are also v alid for n ,

as lon g as p

n +1

( � ) � P an d q

n +1

( � ) � Q . Thi s last con dit ion can b e accomp li sh e d b y an ap pro pr ia t e ord er

of c h oice of const an t s. First w e pic k

�

Q so t h a t q

n

�

�

Q for large n . Th en w e s et Q = 2

�

Q . Th en w e s et P so

t h a t p

n

� P for su�cien t ly large n an d

P � C

1

Q

2

1

X

l =0

�

2 l

:(107)

Fin ally , w e d ecre as e �

0

f rom it s or igin al v alue so t h a t

1

Y

l =1

1 + C

2

P �

l

�

2

0

1 � C

2

P �

l

�

2

0

� 2(108)

an d t h a t Q� � 1 = 2 so t h a t j w

n

j � 1 = 2 in ord er t o ensure t h a t t h e in equalit y 100 i s sa t i s�e d.

No w it i s e asy t o s ee t h a t t h e in equalit ie s 106 h o ld b y in d u ct ion. Also, it i s a cons equence of t h e pro of

t h a t p

n

� P an d q

n

� Q for all n � 0. W e not e t h a t t h e s e e st im a t e s are u niform in � . F urt h ermore, w e can

s ee t h a t if x

n

(0) 6= � 1 = 2 for a t le ast N v alue s of n t h en w e h a v e

Q

1

l =0

�

l

� �

N

an d our e st im a t e s pro d u ce

q

l

� �

N � l

Q for su c h s equence s an d l = 0 ; 1 ; : : : ; N . Th e s e e st im a t e s in t ur n pro d u ce

p

0

�

N

X

l =0

�

2 l

q

2

l

+ �

2 N

p

N +1

� �

2 N

P +

N

X

l =0

Q

2

�

2( N � l )

�

2 l

:(109)

Th us, b ot h p

0

an d q

0

t en d t o 0 u niformly in N , whic h pro d u ce s

diam( �

�

( B (0 ; � ))) ! 0

u niformly in N . Th us, if w e h a v e a s equence of � su c h t h a t diam( �

�

( B (0 ; � ))) 6! 0 for all it s su b s equence s

t h en all t erms of t hi s s equence rem ain in a s et E

N

for som e �xe d N .

It i s cle ar f rom our d e�nit ions t h a t t h e c h aract er i st ic v alue of t h e s equence � admit s t h e fo llo win g expre s-

s ion:

�

�

=

1

Y

n =0

�

n

:(110)

Thi s exp licit form ula le ads t o ob vious pro ofs of all claims concer nin g t h e c h aract er i st ic s et M . Th ere i s on e

i s sue rem ainin g, t h a t of con v ergence of a su b s equence of t h e s equence �

�

( n )

in t h e cas e wh en all �

( n )

are in

E

N

for som e �xe d N 2 Z

+

. Th e id e a i s t o ap p ly t h e In v ar ian t Manifo ld Th eorem o v er t h e lon g stret c h e s of l

for whic h �

( n )

l

= +1.

In ord er t o s elect a su b s equence n

k

ap pro pr ia t ely w e will cons id er an a b stract pro ce d ure of d ecomp o s in g

a s equence � 2 E in t o a conca t en a t ion of s equence s calle d trips an d gaps . If � an d �

0

are t w o s equence s, t h e

�rst on e �nit e an d t h e s econ d on e e it h er �nit e or in�nit e t h en ��

0

will d enot e t h e ir conca t en a t ion. F or ev ery

s equence � 2 E w e will constru ct a d ecomp o s it ion

� = 


k

�

k




k � 1

� � � 


1

�

1

�(111)

wh ere all comp on en t s equence s bu t � are �nit e. It i s p o s s ib le t h a t 


k

i s an empt y s equence. Th e s equence s

�

j

will b e calle d trips an d 


k

gaps . Thi s t ermino logy i s just i�e d b y t h e conn ect ion wit h t h e stru ct ure of t h e
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ret ur ns of t h e p oin t A t o it s elf, wh en su b ject e d t o t h e act ion of cons ecu t iv e branc h e s F

�

j

. W e are a b ou t t o

giv e a preci s e d e�nit ion of �

j

an d 


j

. W e require t h a t e ac h tr ip en ds in -1, i.e.

�

j

= ( �

l

j

; �

l

j

+1

; : : : ; �

r

j

)(112)

wh ere �

r

j

= � 1. F urt h ermore, w e require t h a t A i s a �xe d p oin t of t h e comp o s it ion

F

�

r

j

� F

�

r

j

� 1

� � � � � F

�

l

j

+ s

(113)

wh ere 0 � s � r

j

� s

j

i� s = 0, wit h t h e except ion of j = k , wh en w e can h a v e an un�nishe d trip for whic h

A i s not a �xe d p oin t for an y s , or empt y tr ip. On t h e ot h er h an d, w e require t h a t 


j

= (1 ; 1 ; : : : ; 1) for all j ,

wit h t h e aform en t ion e d except ion of 


k

b e in g an empt y s equence, an d �

k

b e in g e it h er �ni sh e d or u n�ni sh e d.

It i s e asy t o s ee t h a t t h e s e con dit ions d et ermin e 


j

an d �

j

u niquely .

Let j � j d enot e t h e len gt h of a giv en �nit e or in�nit e s equence. Th us, j �

j

j = r

j

� l

j

+ 1.

No w, let us sup p o s e t h a t w e h a v e a s equence ( �

( n )

)

1

n =1

of elem en t s of E

N

, wh ere N i s �xe d. If t h ere i s a

n u m b er M su c h t h a t for all n w e h a v e �

M

( �

( n )

) = � t h en w e are don e. Th us, w e m ay as su m e t h a t no su c h M

exi st s. Thi s m e ans t h a t if

�

( n )

= 


( n )

k

n

�

( n )

k

n




( n )

k

n

� 1

� � � 


( n )

1

�

( n )

1

�(114)

i s t h e d ecomp o s it ion in t o tr ip s an d gap s t h en

k

n

X

j =1

j 


( n )

j

j ! 1(115)

as n ! 1 . W e not e t h a t

P

k

n

j =1

j �

( n )

j

j � N .

By c h o o s in g a su b s equence w e m ay as su m e t h a t k

n

= k i s �xe d for all n . Let us d e�n e � 2 f 1 ; 2 ; : : : ; k g

as t h e m axim al n a t ural n u m b er in f 1 ; 2 ; : : : ; k g su c h t h a t sup

n

j 


( n )

�

j = 1 . Again b y c h o o s in g a su b s equence

w e m ay as su m e t h a t j 


( n )

j

j ! 1 as n ! 1 . Also, for j = � + 1 ; � + 2 ; : : : ; k w e d e�n e l

( n )

j

= j 


( n )

j

j an d

l

j

= sup

n

l

( n )

j

< 1 .

F urt h ermore, w e m ay c h o o s e a su b s equence so t h a t all tr ip s are in d ep en d en t of n . In d ee d, e ac h tr ip do e s

not excee d len gt h N an d t h ere are a t mo st N tr ip s, an d t h us t h e f amily of all tr ip s i s �nit e. W e m ay also

as su m e t h a t t h e tr ip s 


( n )

j

do not d ep en d on n for j = � + 1 ; � + 2 ; : : : ; k . Th us, w e obt ain e d a su b s equence

in whic h t h e n u m b er of tr ip s i s �xe d, t h e tr ip s t h ems elv e s are �xe d, an d t h e only t hin g c h an gin g wit h n i s

t h e s ize of gap s l

( n )

j

for j = 1 ; 2 ; : : : ; � � 1, wit h l

( n )

�

! 1 as n ! 1 . W e will call 


( n )

�

t h e big gap .

In ord er t o a v oid exce s s iv e su b scr ipt in g an d sup erscr ipt in g w e are goin g t o skip t h e d ep en d ence up on n in

s ev eral form ulas b elo w. Let us t emp orar ily us e t h e not a t ion � = �

( n )

wit h t h e t ail � di scard e d. Let M = j � j an d

let l

j

= l

( n )

j

. Wit h t h e d ecomp o s it ion of � in t o tr ip s an d gap s w e m ay as so cia t e a groupin g of t h e comp o s it ion

F

�

= F

�

M � 1

� F

�

M � 2

� � � � � F

�

0

=

T

1

� G

1

� � � � � T

� � 1

� G

�

� T

�

� G

� +1

� � � � � T

k

� G

k

:

In t hi s form ula T

j

i s t h e comp o s it ion of t h e branc h e s corre sp on din g t o t h e tr ip �

j

wit h t h e in dice s t ak en in

d ecre as in g ord er. Th e m ap G

j

= F

l

j

.

W e t ur n our a t t en t ion t o t h e pre s ence of t h e big gap. W e in tro d u ce t h e t w o m ap pin gs

H = T

1

� G

1

� � � � � T

� � 1

K = T

�

� G

� +1

� � � � � T

k

� G

k

:

Moreo v er, w e not e t h a t K do e s not d ep en d on n , while H do e s. Hence, F

�

= H � G

�

� K . Thi s groupin g m ay

b e us e d t o repre s en t �

�

in t h e fo llo win g w ay:

�

�

= F

� 1

�

� � � �

M

= K

� 1

� ( G

� 1

�

� ( H

� 1

� � � �

r

) � �

s

) � �

t

:
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Th e n u m b ers r , s an d t are d e�n e d as fo llo ws

r =

� � 1

X

j =1

( j �

j

j + j 


j

j ) ;

s = j 


�

j ;

t =

k

X

j = � +1

( j �

j

j + j 


j

j )

are t h e len gt hs of t h e corre sp on din g s egm en t s. Moreo v er, s ! 1 as n ! 1 an d t i s const an t as a fu nct ion

of n .

W e not e t h a t � = H � � � �

r

i s of t h e form �

�

0

, wh ere �

0

i s a cert ain s equence. Th us, accordin g t o our

pr ior e st im a t e s, it admit s u niform b ou n ds of t h e form

j x ( u ) � x (0) j

j u j

2

� P ;

j w ( u ) j

j u j

� Q

wh ere � ( u ) = ( x ( u ) ; w ( u )). Moreo v er, w e s ee t h a t

�

0

(0) = �

�

0

�

0

(0)(116)

an d

�

�

0

=

� � 1

Y

j =1

�

�

j

(117)

i s an elem en t of M in d ep en d en t of n an d �

�

0

< 1. W e s et � = �

�

0

.

It fo llo ws f rom t h e In v ar ian t Manifo ld Th eory t h a t G

� 1

�

� � � �

s

! � � c in t h e u niform t o p o logy of

h o lomorphic m ap s, wh ere c 6= 0 i s som e const an t. Th e con v ergence i s u niform wit h re sp ect t o t h e s ize of t h e

gap s . By compar in g d er iv a t iv e s a t 0 w e can s ee t h a t c = � .

Fin ally , w e not e t h a t t h e comp o s it ion K

� 1

� ( G

� 1

�

� � � �

s

) � �

r

con v erge s t o K

� 1

� ( � � � ) � �

r

whic h i s

of t h e form �

�

� � b eca us e of � � � = � � � . Cle arly , � = �

�




� +1

� � � �

k

.

Th e pro of i s comp let e.

Coro llary 3. L et S

�

=  

� 1

( B (0 ; � )) � W

s

( A ) . The map  j S

�

: S

�

! B (0 ; � ) is a trivial c overing map. L et

us c onsider the map � : E � B (0 ; � ) ! S

�

which maps the p air ( �; z ) to the se quenc e of germs ([ V

n

]

z

n

)

1

n =0

,

wher e V

n

= �

�

n

( � )

( B (0 ; � )) and z

n

= �

�

n

( � )

( z ) . This map establishes a glob al pr o duct structur e for the map

 j S

�

.

It will b e us eful t o in tro d u ce t h e fo llo win g not a t ion:

S

� ;�

= � ( f � g � B (0 ; � )) :(118)

Thi s s et can b e pict ure d as a slice of t h e Riem ann surf ace W

s

( A ) lyin g a b o v e t h e ball B (0 ; � ) an d in d exe d

b y � .

Let us �ni sh t h e di scus s ion of t h e st a b le f an wit h an in t erpret a t ion t h a t w e sh ould h a v e in min d for

Th eorem 7. Let us cons id er t h e s et  

� 1

( z ) wh ere z 2 B (0 ; � ). Thi s s et i s di scret e, d ue t o t h e pro d u ct

stru ct ure of t h e m ap  j S

�

, in W

s

( A ) an d it cons i st s of p oin t s m

�

, in d exe d b y t h e elem en t s � 2 E . Ho w ev er,

t h e \sh ado w" p oin t s S h ( m

�

) = �

�

( z ) do not form a di scret e s et, bu t t h ey m ay accu m ula t e in only a v ery

sp ecial w ay . Th ey m ay only con v erge t o a p oin t whic h i s a sh ado w of anot h er p oin t m

0

�

of W

s

( A ). Thi s p oin t

do es not lie in t h e �b er  

� 1

( z ) bu t in t h e �b er  

� 1

( � � z ). Thi s i s just a more in t uit iv e w ay of d e scr ibin g t h e

con v ergence �

�

( n )

! �

�

� � .

It will b e s een la t er on t h a t t h e f act of cru cial imp ort ance i s t h a t t h e lin e ar izin g param et er of t h e \limit"

m

0

�

h as mo d ulus str ict ly sm aller t h an t h e mo d ulus of t h e p oin t s m

�

.
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Th e re ad er sh ould ob s erv e t h a t t h e re ason for t h e just d e scr ib e d b e h a vior of t h e st a b le f an of t h e equic h ord al

rela t ion i s t h e f act t h a t t h e only w ay for a tra ject ory of t h e equic h ord al rela t ion t o ap proac h t h e �xe d p oin t

A a t a ra t e �

n

up t o a const an t f act or i s t o fo llo w t h e branc h F = F

+

wit h t h e except ion of a �nit e n u m b er

of it era t ions. In ot h er w ords, t h e f ast e st w ay t o get t o A i s t o fo llo w t h e branc h F = F

+

.

5.14. Sep ar ation of stable and unstable sets

Let us �ni sh t hi s s ect ion wit h on e coro llary of t h e pro of of Th eorem 7. Let us cons id er b ot h st a b le an d

u nst a b le s et s. Th us, w e h a v e t h e st a b le an d u nst a b le s et s of A

1

an d A

2

, d enot e d b y F

s

�

( A

1

) an d F

u

�

( A

2

)

re sp ect iv ely .

Lemm a 14. Ther e is a numb er � > 0 such that

F

s

�

( A

1

) \ F

u

�

( A

2

) = ; :(119)

Pr o of. F rom t h e pro of of Th eorem 7 w e kno w t h a t for sm all � t h e diam et ers of �

�

( B (0 ; � )) are u niformly

sm all for all � 2 E . Let us pic k � in su c h a w ay t h a t diam ( �

�

( B (0 ; � ))) < 1 = 2 for all � 2 E . Also, w e

kno w t h a t �

�

(0) = ( x

n

(0) ; 0) wh ere x

n

(0) = � x

n +1

(0) + �

n

an d x

n

(0) = � 1 = 2 for large n . W e pro v e b y

in d u ct ion t h a t x

n

(0) = � 1 = 2 + 2 r wh ere r 2 Z . If a s imilar an alys i s i s carr ie d ou t for t h e u nst a b le f an t h en

x

n

(0) = +1 = 2 for large n , an d t h us x

n

(0) = 1 = 2 + 2 r . Th us, w e s ee t h a t F

s

( A

1

) i s in a 1 = 2-n e igh b orh o o d of

t h e s et f� 1 = 2 + 2 r : r 2 Z g an d F

u

( A

1

) i s in a 1 = 2-n e igh b orh o o d of t h e s et f 1 = 2 + 2 r : r 2 Z g . Th us, t h e

st a b le an d u nst a b le s et s are di sjoin t.

6. Het ero clini c conn ect ions of dim ens ion 1

Inform ally , a h et ero clinic conn ect ion i s an in v ar ian t curv e whic h joins t w o �xe d p oin t s. Wh en w e are d e alin g

wit h alge braic rela t ions, t h e m ul t iv alue dn e s s in tro d u ce s a n u m b er of i s sue s whic h n ee d t o b e re so lv e d. Thi s

i s t h e su b ject of t h e curren t s ect ion.

6.1. New notations

In t h e previous s ect ion w e c h o s e t o d ev elo p t h e t h eory of in v ar ian t curv e s wit h a st a b le �xe d p oin t in min d.

W e just m en t ion e d t h e cas e of an u nst a b le �xe d p oin t br ie
y . In t h e curren t s ect ion b ot h a st a b le an d

u nst a b le �xe d p oin t will ap p e ar simultane ously an d extra not a t ion al con v en t ions will h a v e t o b e ap p lie d in

ord er t o a v oid clash e s. Th us, t h e st a b le �xe d p oin t will b e d enot e d b y A

1

, it s st a b le m anifo ld b y W

s

( A

1

);

t h e global lin e ar izin g param et er i s a fu nct ion  

1

: W

s

( A

1

) ! C an d t h e st a b le f an i s ( �

s

�

)

� 2 E

. Th e u nst a b le

�xe d p oin t will b e d enot e d b y A

2

, it s u nst a b le m anifo ld b y W

u

( A

2

); t h e global lin e ar izin g param et er i s

 

2

: W

u

( A

2

) ! C an d t h e u nst a b le f an i s ( �

u

�

)

� 2 E

0

. W e recall t h a t E cons i st s of s equence s ( �

n

)

1

n =0

, while

E

0

of s equence s ( �

n

)

0

n = �1

, wh ere �

n

; �

n

2 f� 1 ; 1 g . W e also in tro d u ce d not a t ion S

�

=  

� 1

1

( B (0 ; � )). Th e

corre sp on din g not a t ion for t h e u nst a b le p oin t will b e U

�

=  

� 1

2

( B (0 ; � )). W e h a v e also d e�n e d S

� ;�

for � 2 E .

In a s imilar w ay w e d e�n e U

� ;�

for � 2 E

0

.

6.2. R igor ous de�nitions

Let A

1

an d A

2

b e t w o �xe d p oin t s of an alge braic rela t ion R . Let F

1

an d F

2

b e t h e lo cal branc h e s of R a t

A

1

an d A

2

, re sp ect iv ely , su c h t h a t F

i

( A

i

) = A

i

for i = 1 ; 2.

Let W

1

an d W

2

b e t w o lo cal in v ar ian t curv e s of F

1

an d F

2

pas s in g t hrough A

1

an d A

2

, re sp ect iv ely .

W e will as su m e t h a t A

i

i s a h yp erb o lic �xe d p oin t of F

i

for i = 1 ; 2. Moreo v er, w e will as su m e t h a t for

i = 1 ( i = 2) t h e p oin t A

1

( A

2

) i s a t tract in g (rep ellin g) within t h e curv e W

1

( W

2

). Th us F

1

( W

1

) � W

1

an d

F

� 1

2

( W

2

) � W

2

.
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W

1

V

1

R

V

2

W

2

R

R

A

1

A

2

Fig. 11. Het ero clinic conn ect ion

De�nit ion 10. (Het ero clinic conn ect ion) We wil l say that a h et ero clinic conn ect ion exists b etwe en A

1

and

A

2

i� ther e exist lo c al curves V

1

� W

1

and V

2

� W

2

, a natur al numb er N and a r e gular lo c al br anch � of

R

N

such that V

1

= � ( V

2

) .

Of cours e, u n d er t h e as su mpt ions of t hi s d e�nit ion, w e m ay constru ct t w o Riem ann surf ace s W

s

( A

1

) an d

W

u

( A

2

). Our n ext goal i s t o constru ct a t hird Riem ann surf ace H whic h can b e constru ct e d in t h e pre s ence of

a h et ero clinic conn ect ion. In clas s ical dyn amical syst ems t h eory w e m ay d e�n e t hi s surf ace as H = W

s

( A

1

) \

W

u

( A

2

). Ho w ev er, t h e in t ers ect ion do e s not m ak e s ens e in t h e con t ext of our d e�nit ion. Th e fo llo win g

diagram, whic h i s som ewh a t an alogous t o t hi s d e�nit ion, exi st s:

�

�

�

�

�

�/

S

S

S

S

S

Sw

p

2

W

s

( A

1

)

p

1

H

W

u

( A

2

)

Th e constru ct ion of H i s an alogous t o our previous constru ct ion of W

s

( A

1

).

De�nit ion 11. (Un branc h e d h et ero clinic conn ect ion surf ace) The surfac e

0

H as a set c onsists of se quenc es

of germs ( m

n

)

1

n = �1

, wher e e ach m

n

is a germ of a curve V

n

at a p oint y

n

. We wil l r e quir e the fol lowing

additional pr op erties:

1. for every n 2 Z ther e is a unique r e gular lo c al br anch �

n

of the r elation R such that �

n

( V

n

) = V

n +1

and

�

n

( y

n

) = y

n +1

;

2. for su�ciently lar ge n we have V

n

� W

s

loc

( A

1

) and �

n

= F

1

;

3. for su�ciently lar ge ne gative n we have V

n

� W

u

loc

( A

2

) and �

n

= F

2

.

Th e rem ainin g st age s of t h e constru ct ion of H are som ewh a t an alogous t o t h o s e of W

s

( A

1

), wit h t h e ob vious

mo di�ca t ions re sul t in g f rom t h e f act t h a t w e us e dou b le-s id e d s equence s of germs. W e not e t h a t t h e comp lex

stru ct ure s can b e pulle d bac k f rom e it h er W

1

or W

2

an d t h ey coincid e.

6.3. A djoining br anch p oints

On e t hin g t h a t i s w ort h som e di scus s ion i s t h e pro ce d ure for adjoinin g branc h p oin t s t o

0

H in ord er t o obt ain

t h e Riem ann surf ace H . W e will a t t empt t o giv e a n a t ural constru ct ion an d exp lain t h e mot iv a t ion b e hin d it.



A so lu t ion t o t h e Equic h ord al P oin t Prob lem 41

W e cons id er t h e t w o m ap pin gs p

1

:

0

H ! W

s

( A

1

) an d p

2

:

0

H ! W

u

( A

2

) d e�n e d b y t h e form ulas:

p

1

(( m

n

)

1

n = �1

) = ( m

n

)

1

n =0

;

p

2

(( m

n

)

1

n = �1

) = ( m

n

)

0

n = �1

:(120)

Let us cons id er t h e m ap p = ( p

1

; p

2

), wh ere p :

0

H ! W

s

( A

1

) � W

u

( A

2

). Th e m ap pin g p pro vid e s a h o lo-

morphic inject ion of

0

H in t o t h e pro d u ct W

s

( A

1

) � W

u

( A

2

). Ho w ev er, t h e im age p (

0

H ) i s not a h o lomorphic

su b v ar iet y of t h e v ar iet y W

s

( A

1

) � W

u

( A

2

). Thi s i s d ue t o t h e f act t h a t w e add e d branc h p oin t s t o W

s

( A

1

)

an d W

u

( A

2

). It i s not di�cul t t o c h ec k t h a t p (

0

H ) i s a su b v ar iet y of t h e o p en su b s et

0

W

s

( A

1

) �

0

W

u

( A

2

)

of W

s

( A

1

) � W

u

( A

2

).

Th e m ain ob ject iv e i s t o adjoin branc h p oin t s so t h a t t h e m ap p ext en ds t o H an d t h e s et H = p ( H ) i s a

su b v ar iet y of t h e pro d u ct W

s

( A

1

) � W

u

( A

2

). Th e w ay t h a t w e go a b ou t t hi s prob lem i s t o �rst constru ct H

as

H = f ( m; ~m ) 2 W

s

( A

1

) � W

u

( A

2

) : S h

1

( m ) = S h

2

( ~ m ) g :(121)

As S h

i

are h o lomorphic, t hi s d e�nit ion exhibit s H as a h o lomorphic v ar iet y . Our n ext st ep i s t o exp licit ly

constru ct equa t ions of t h e v ar iet y H in lo cal co ordin a t e s. Aft er t hi s i s accomp li sh e d, t h e pro ce d ure for

adjoinin g branc h p oin t s b ecom e s cle ar.

Let us cons id er a co ordin a t e n e igh b orh o o d in W

s

( A

1

) of m 2 W

s

( A

1

). Accordin g t o Th eorem 6, t h ere

exi st s a s equence �

l

( �

1

), l = 0 ; 1 ; : : : of m eromorphic fu nct ions su c h t h a t t h e pu nct ure d n e igh b orh o o d of m

i s giv en as ([ V

n

]

w

n

)

1

n =0

, wh ere V

n

i s a curv e in X param et er ize d in t h e fo llo win g w ay

V

n

= f ( �

n

( �

1

) ; �

n +1

( �

1

)) : �

1

2 B (0 ; � ) nf 0 gg ;(122)

wh ere � > 0, an d

w

n

= ( �

n

( �

0

1

) ; �

n +1

( �

0

1

)) ;(123)

wh ere �

0

1

i s �xe d. W e us e d t h e sym b o l �

1

inst e ad of � us e d in t h e or igin al form ula t ion of Th eorem 6.

Th e param et er ize d curv e V

0

can b e u niquely param et er ize d as fo llo ws

z

0

= �

r

1

1

z

1

= g ( �

s

1

1

) ;

wh ere t h e param et er �

1

i s expre s s e d in t erms of y et anot h er param et er �

1

via t h e form ula �

1

= �

d

1

1

an d �

1

i s equiv alen t t o �

1

a t 0, i.e. t h e m ap �

1

= �

1

( �

1

) i s bih o lomorphic a t 0. Th e fu nct ion g can b e giv en as a

con v ergen t La uren t s er ie s g ( u ) =

P

1

n = �

g

n

u

n

wit h t h e pro p ert y t h a t GC D ( f n : g

n

6= 0 g ) = 1. Moreo v er,

GC D ( r

1

; s

1

) = 1. Th us, for ev ery p oin t w = ( z

0

; z

1

) 2 V

0

t h ere exi st s a u nique v alue of t h e param et er �

1

whic h yields t h a t p oin t. Th e s et of d a t a ( r

1

; s

1

; d

1

; g ) d et ermin e s t h e v ar iet y V

0

in a u nique f ashion. In ot h er

w ords, t h e m ap S h

1

i s a d

1

-fo ld branc h e d co v er in g m ap a t 0 of t h e curv e V

0

.

In a s imilar f ashion w e constru ct a co ordin a t e n e igh b orh o o d in W

u

( A

2

) of ~m 2 W

u

( A

1

). Th ere exi st s

a s equence of m eromorphic fu nct ions

~

�

l

( �

2

), l = 1 ; 0 ; � 1 ; � 2 ; : : : of m eromorphic fu nct ions su c h t h a t t h e

pu nct ure d n e igh b orh o o d of ~m i s giv en as ([

~

V

n

]

~w

n

)

0

n = �1

, wh ere

~

V

n

i s giv en b y

~

V

n

= f (

~

�

n

( �

2

) ;

~

�

n +1

( �

2

)) : � 2 B (0 ; � ) nf 0 gg ;(124)

an d

~w

n

= (

~

�

n

( �

0

2

) ;

~

�

n +1

( �

0

2

)) :(125)

Th e param et er ize d curv e

~

V

0

can b e u niquely param et er ize d as fo llo ws

z

0

= �

r

2

2

;

z

1

= ~g ( �

s

2

2

) ;

wh ere �

2

= �

d

2

2

an d t h e m ap �

2

= �

2

( �

2

) i s bih o lomorphic a t 0. W e also h a v e ~g ( u ) =

P

1

n = ~ �

g

n

u

n

, GC D ( f n :

~g

n

6= 0 g ) = 1, an d GC D ( r

2

; s

2

) = 1. Th us, for ev ery p oin t w = ( z

0

; z

1

) 2 V

0

t h ere exi st s a u nique v alue of

t h e param et er �

2

whic h yields t h a t p oin t. Th e d a t a ( r

2

; s

2

; d

2

; ~g ) d et ermin e s t h e v ar iet y

~

V

0

.
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Th e con dit ion t h a t ( m; ~m ) 2 H i s expre s s e d as t h e f act t h a t t h e d a t a ( r

1

; s

1

; g ) an d ( r

2

; s

2

; ~g ) are id en t ical,

as only t h en [ V

0

]

z

0

= [

~

V

0

]

~z

0

whic h allo ws us t o glue t h e t w o s equence s. Pro vid e d t h a t ( m; ~m ) 2 H , in lo cal

co ordin a t e s t h e v ar iet y H i s giv en b y t h e equa t ion �

d

1

1

= �

d

2

2

in a n e igh b orh o o d of ( m; ~m ) d e�n e d as a pro d u ct

of t h e n e igh b orh o o ds cons id ere d a b o v e.

No w let us �n ally cons id er adjoinin g branc h p oin t s t o

0

H in ord er t o obt ain H . Let GC D ( d

1

; d

2

) = d . W e

can s ee t h a t t h e equa t ion �

d

1

1

= �

d

2

2

f act ors in t o �

d

1

=d

1

= �

j

d

�

d

2

=d

2

, j = 0 ; 1 ; : : : ; d � 1, wh ere �

d

i s t h e pr incipal

ro ot of u nit y of d egree d . Th us, t h e germ of t h e v ar iet y H a t ( m; ~m ) h as d irre d u cib le comp on en t s. F or e ac h

su c h comp on en t w e add on e branc h p oin t an d d e�n e a suit a b le co ordin a t e n e igh b orh o o d. It i s e asy t o s ee

t h a t p

1

an d p

2

ext en d b y con t in uit y t o t h e branc h p oin t s an d t h e ir corre sp on din g branc hin g ord ers are d

1

=d

an d d

2

=d ).

6.4. V arious extensions of maps and c ommuting diagr ams

W e h a v e ob s erv e d t h a t t h e m ap s p

1

an d p

2

ext en d t o H b y con t in uit y . Also, t h e shift m ap � :

0

H !

0

H

ext en ds b y con t in uit y t o H . In t hi s su b s ect ion w e will su mm ar ize t h e conn ect ions b et w een v ar ious ob ject s in

a h o p efully h elpful m ann er, us in g comm u t in g diagrams.

Th e fo llo win g diagram of h o lomorphic m ap s comm u t e s wit h t h e u n d erst an din g t h a t �

1

: W

s

( A

1

) !

W

s

( A

1

) i s act ually a shift t o t h e left an d �

2

: W

u

( A

2

) ! W

u

( A

2

) i s a shift t o t h e r igh t. Th e shift � i s t o

t h e left, bu t in t h e part of t h e diagram wit h �

2

w e m ust us e �

� 1

:

�

�

�

�

�/

S

S

S

S

Sw

�

�

�

�

�/

S

S

S

S

Sw

�

�

�

�

�

�

�

�

�

�

�

�

��1 �

�

�

�

�

�

�

�

�

�

�

�

�
�)

�

�

�

�

�

�

�

�

�

�

�

�1

�

�

�

�

�

�

�

�

�

�

�

�)

p

2

W

s

( A

1

)

p

1

H

W

u

( A

2

)

p

2

W

s

( A

1

)

p

1

H

W

u

( A

2

)

�

�

1

�

2

�

� 1

Th ere are also t w o lin e ar izin g param et ers  

1

: W

s

( A

1

) ! C an d  

2

: W

u

( A

2

) ! C h a vin g t h e fo llo win g

pro p ert ie s:

 

1

� � = �

1

 

1

;

 

2

� � = �

2

 

2

:(126)

Th e s e sh ould not b e confus e d wit h t w o lin e ar izin g param et ers  

0

1

: W

s

( A

1

) ! C an d  

0

2

: W

u

( A

2

) ! C

h a vin g t h e pro p ert ie s

 

0

1

� �

1

= �

1

 

0

1

;

 

0

2

� �

2

= �

� 1

2

 

0

2

:(127)

W e not e t h a t �

2

h as no in v ers e, an d t h erefore t h e s econ d equa t ion cannot b e wr it t en in t h e n a t ural w ay .

Cle arly , w e h a v e  

1

=  

0

1

� p

1

an d  

2

=  

0

2

� p

2

. In t h e fu t ure w e will m ak e no not a t ion al di st inct ion b et w een

 

l

an d  

0

l

.

7. Global an alys i s of h et ero clini c conn ect ions

In t h e previous s ect ions w e in tro d u ce d t h e global ob ject s t h a t w e are goin g t o cons id er in t hi s s ect ion. Th ey

are t h e t hree Riem ann surf ace s W

s

( A

1

), W

u

( A

2

) an d H , an d t h e v ar ious as so cia t e d h o lomorphic m ap s.

Ho w ev er, t h e m ain t ec hnical e�ort so f ar, as exemp li�e d b y t h e pro ofs of Th eorems 6 an d 7, h as b een t o
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e st a b li sh t h e lo cal pro p ert ie s of t h e s e ob ject s. In t h e curren t s ect ion t h e fo cus of our a t t en t ion shift s f rom

lo cal t o global pro p ert ie s.

Th e goal of t hi s s ect ion i s t o sh o w t h a t if an equic h ord al curv e exi st s t h en it i s alge braic. Th e m et h o ds

le adin g t o t hi s re sul t are in e s s ence v ar ia t ion al.

Th e �n al re sul t s et t lin g t h e Equic h ord al P oin t Prob lem will b e pro v en in t h e n ext s ect ion. W e will sh o w

t h a t t h e equic h ord al rela t ion do e s not h a v e an alge braic in v ar ian t curv e.

7.1. Classi�c ation of c omp onents

Accordin g t o t h e Uniformiza t ion Th eorem, an y s imp ly conn ect e d Riem ann surf ace M i s i somorphic e it h er t o

P

1

or C or D . F or brevit y , w e will call a Riem ann surf ace el liptic , p ar ab olic or hyp erb olic , if M i s i somorphic

t o P

1

, C or D , re sp ect iv ely . If M i s conn ect e d, bu t not s imp ly conn ect e d, t h en b y

f

M w e d enot e t h e u niv ersal

co v er in g space of M . W e will call M ellipt ic, para b o lic or h yp erb o lic if

f

M i s ellipt ic, para b o lic or h yp erb o lic,

re sp ect iv ely .

It i s cle ar t h a t H h as only cou n t a b ly m an y conn ect e d comp on en t s. Th e a u t omorphi sm � : H ! H in d u ce s

a p erm u t a t ion of t h e s e comp on en t s. Th e co llect ion of comp on en t s d ecomp o s e s in t o orbit s of t hi s p erm u t a t ion,

som e p erh ap s in�nit e, an d ot h ers formin g �nit e cycle s. As all comp on en t s in a giv en cycle are i somorphic,

it i s ap pro pr ia t e t o call a giv en �nit e cycle ( M

0

; M

1

; : : : ; M

d � 1

) or in�nit e cycle ( : : : ; M

� 1

; M

0

; M

1

; : : : )

ellipt ic, para b o lic or h yp erb o lic if it con t ains a conn ect e d comp on en t whic h i s ellipt ic, para b o lic or h yp erb o lic,

re sp ect iv ely . Wh en w e refer t o an y cycle, w e will d enot e it b y ( M

l

) regardle s s of wh et h er it i s �nit e of not.

W e ob s erv e t h a t t h e quot ien t Riem ann surf ace H = h � i i s w ell d e�n e d. Let ( M

l

) b e an arbitrary cycle in H

an d let M =

S

l

M

l

. It will b e con v enien t t o in tro d u ce t h e Riem ann surf ace M

0

= M = h � i � H = h � i . W e not e

t h a t

M

0

=

�

M

0

if t h e cycle ( M

l

) i s in�nit e,

M

0

= h �

d

i if t h e cycle ( M

l

) h as �nit e len gt h d .

(128)

In an y cas e, M

0

i s conn ect e d an d t h ere i s a n a t ural co v er in g m ap f rom M

0

t o M

0

. Moreo v er, H = h � i i s t h e

u nion of all Riem ann surf ace s M

0

constru ct e d for all p o s s ib le cycle s.

Th e n ext lemm a i s a s imp le d emonstra t ion of t h e t ec hnique s t h a t are goin g t o b e rou t in ely us e d.

Lemm a 15. Ther e ar e no el liptic cycles.

Pr o of. Let us sup p o s e t h a t t h ere exi st s an ellipt ic cycle an d let M

l

b e t h e gen er ic comp on en t of H b elon gin g

t o t hi s cycle. Let us cons id er t h e t w o pro ject ions p

1

: H ! W

s

( A

1

) an d p

2

: H ! W

u

( A

2

).

It i s cle ar t h a t t h ere exi st s l

0

2 Z su c h t h a t p

1

( M

l

0

) i s in t h e conn ect e d comp on en t W

0

of A

1

of W

s

( A

1

).

W e not e t h a t it i s p o s s ib le t h a t W

s

( A

1

) b e di sconn ect e d.

Th e im age of p

1

( M

l

0

) do e s not con t ain A

1

. Bu t t h ere i s no Riem ann surf ace t o whic h P

1

m ap s b y a

non-const an t transform a t ion, while mi s s in g a t le ast on e p oin t. In ord er t o sh o w t hi s, let us lift t h e m ap

p

1

j M

l

0

: M

l

0

! W

0

t o a m ap

]

p

1

j M

l

0

: M

l

0

!

f

W

0

wh ere t h e t arget Riem ann surf ace

f

W

0

i s s imp ly conn ect e d.

Th e im age i s compact an d a t t h e sam e t im e o p en. Th us, t h e Riem ann surf ace

f

W

0

m ust b e P

1

. Bu t an y

non-const an t m ap P

1

! P

1

i s a ra t ion al m ap an d it i s on t o. Hence, w e obt ain a con tradict ion.

7.2. The invariant p ar ameter

Let us �rst cons id er t h e t w o lin e ar izin g param et ers  

i

: H ! C

�

, i = 1 ; 2.

Lemm a 16. The function  : H ! C

�

de�ne d by the formula

 ( m ) =  

1

( m )  

2

( m )(129)

is invariant under the shift map � : H ! H .

Pr o of. Us in g t h e lin e ar iza t ion pro p ert ie s of  

i

, w e can s ee t h a t

 � � = (  

1

� � )(  

2

� � ) = ( �

1

 

1

)( �

2

 

2

) = ( �

1

�

2

)  :(130)

Th us, if w e as su m e t h a t �

1

�

2

= 1, as it i s in t h e cas e of t h e equic h ord al rela t ion, w e obt ain  � � =  .
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Th e a b o v e lemm a just i�e s t h e fo llo win g d e�nit ion:

De�nit ion 12. The function  =  

1

 

2

is c al le d the in v ar ian t param et er on H .

It i s cle ar t h a t if �

1

an d �

2

sa t i sfy a r esonanc e r elation of t h e form �

k

1

1

�

k

2

2

= 1 for som e n a t ural n u m b ers k

1

,

k

2

t h en t h e fu nct ion  =  

k

1

1

 

k

2

2

i s in v ar ian t.

Lemm a 17. Ther e is a numb er � > 0 such that  ( m ) � � for al l m 2 H .

Pr o of. By Lemm a 14 t h ere i s � > 0 su c h t h a t F

s

�

( A

1

) \ F

u

�

( A

2

) = ; .

W e will s ee t h a t for ev ery p oin t m 2 H w e h a v e  ( m ) � � , wh ere � = �

2

( �

1

=�

2

). Let us as su m e t o t h e

con trary t h a t m 2 H i s su c h t h a t  ( m ) < � . By ap p lyin g � an ap pro pr ia t e n u m b er of t im e s an d us in g t h e

in v ar iance of  w e m ay as su m e t h a t

�

1

�

2

�

�

�

�

�

 

1

( m )

 

2

( m )

�

�

�

�

�

�

2

�

1

:(131)

In view of j  

1

( m ) jj  

2

( m ) j < � it i s cle ar t h a t j  

1

( m ) j <

p

� ( �

2

=�

1

) an d j  

2

( m ) j <

p

� ( �

2

=�

1

) . Th us,

p

� ( �

2

=�

1

) > � an d � > �

2

( �

1

=�

2

). W e obt ain a con tradict ion wit h our d e�nit ion of � .

W e not e t h a t  6= 0 b y d e�nit ion. Th us t h e fu nct ion g = 1 = i s an alyt ic, in v ar ian t an d b ou n d e d. Thi s f act

will b e of fu n d am en t al imp ort ance.

As w e h a v e not e d, t h ere i s a w ell-d e�n e d quot ien t H = h � i , d ue t o t h e f act t h a t t h e m ap � gen era t e s a cyclic

group h � i = f �

l

: l 2 Z g t h a t act s f reely an d di scret ely on t h e Riem ann surf ace H . Th e in v ar ian t param et er

 f act or ize s an d t h us w e h a v e a fu nct ion

b

 : H = h � i ! C(132)

whic h i s h o lomorphic on t h e quot ien t an d su c h t h a t

b

 � � =  , wh ere � : H ! H = h � i i s t h e n a t ural pro ject ion.

7.3. R e gular and minimal c onne cte d c omp onents

Our imm e dia t e goal i s t o c h aract er ize a sp ecial clas s of comp on en t s of H .

De�nit ion 13. (Regular cycle an d regular comp on en t) A cycle ( M

l

) of H is c al le d regular i� the invariant

p ar ameter  is c onstant on M

0

, or e quivalently, on M =

S

l

M

l

. Each c onne cte d c omp onent of a r e gular

cycle is c al le d a regular comp on en t . By H

r eg

we denote the union of al l r e gular c omp onents.

Our ob ject iv e i s t o sh o w t h a t ev ery regular comp on en t i s rela t e d t o a s in gle in v ar ian t alge braic curv e V . W e

re s erv e t h e t erm \alge braic curv e" t o m e an a pure-dim ens ion al alge braic v ar iet y of dim ens ion 1. Th e curv e

V i s c h aract er ize d b y t h e fo llo win g pro p ert ie s:

1. W

s

loc

( A

1

) [ W

u

loc

( A

2

) � V ;

2. V i s t h e Zar i ski clo sure of W

s

loc

( A

1

) [ W

u

loc

( A

2

).

Th e exi st ence of V will b e our concer n for mo st of t h e rem ain d er of t h e pap er.

First w e n ee d t o sh o w t h a t if H

r eg

6= ; t h en t h ere exi st s a regular conn ect e d comp on en t M

0

� H

r eg

su c h

t h a t S h ( M

0

) i s con t ain e d in an alge braic curv e. Th e m et h o d t h a t w e are goin g t o ap p ly i s a v ar ia t ion al on e.

Secon d, w e will sh o w t h a t H = H

r eg

, i.e. ev ery conn ect e d comp on en t of H i s regular.

Let us d e�n e an imp ort an t const an t


 = inf

H

r eg

j  j :(133)

W e h a v e 
 � � > 0, wh ere � i s giv en b y t h e st a t em en t of Lemm a 17. Th ere i s also anot h er imp ort an t const an t:

�

max

= m ax ( M\ ]0 ; 1[ ) :(134)

By Th eorem 7 w e h a v e �

max

< 1.

De�nit ion 14. (Minim al cycle an d minim al comp on en t) A r e gular cycle ( M

l

) in H

r eg

is c al le d minim al if

�

�

 j M

�

�

� c , wher e c is a c onstant and j c j = 
 . The c orr esp onding c omp onent M =

S

M

l

is c al le d a minim al

comp on en t .
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It i s not a t all ob vious t h a t minim al comp on en t s exi st. Th eorem 7 will b e us e d in an e s s en t ial w ay in ord er t o

pro v e t h e exi st ence of minim al comp on en t s. Thi s t h eorem pro vid e s t h e compactn e s s n ee d e d in a v ar ia t ion al

argu m en t.

Th eorem 8. L et us assume that H

r eg

6= ; . L et � =  ( H

r eg

) b e the set of al l p ossible values of the invariant

p ar ameter  on r e gular c omp onents. The fol lowing pr op erties hold:

1. the set

~

�

d ef

= f z 2 � : 
 � j z j < 
 =�

max

g is discr ete; in p articular, ther e is only a �nite numb er of p oints

z 2

~

� such that j z j = 
 ;

2. for every c 2

~

� ther e exists only a �nite numb er of r e gular cycles ( M

l

) such that  j M � c wher e

M =

S

l

M

l

; for every such cycle the R iemann surfac e M

0

= M = h � i is c omp act;

3. ther e exists a minimal c omp onent;

4. let ( M

l

) b e a cycle in H

r eg

, M =

S

l

M

l

and  j M = c wher e c 2

~

� ; ther e is a unique invariant algebr aic

curve V � X such that S h ( M ) � V and V n S h ( M ) is a �nite set; mor e over, W

s

loc

( A

1

) [ W

u

loc

( A

2

) � V .

Pr o of. Let c

( n )

, n = 0 ; 1 ; : : : , b e a con v ergen t s equence in C

�

an d let for ev ery n , M

( n )

� H

r eg

b e a non-tr ivial

regular comp on en t on whic h  � c

( n )

. Let c

0

= lim

n !1

c

( n )

an d let 
 � j c

0

j < 
 =�

max

. W e will sh o w t h a t for

su�cien t ly large n w e h a v e c

( n )

= c

0

an d moreo v er, t h ere i s only a �nit e n u m b er of comp on en t s M � H

r eg

su c h t h a t  j M = c

0

.

Our pro of i s b y con tradict ion. Th e id e a i s t o c h o o s e a s equence of h o lomorphic di sks D

( n )

� M

( n )

whic h

will accu m ula t e in X = P

2

1

on a di sk D

( 1 )

whic h i s a su b s et of a comp on en t M

( 1 )

� H

r eg

su c h t h a t

 j M

( 1 )

� c

0

0

wh ere j c

0

0

j � j c

0

j �

max

. Thi s w ould con tradict t h e d e�nit ion of 
 .

Let us pic k n u m b ers r

1

; r

2

so t h a t 0 < r

1

< r

2

< � , r

2

=r

1

> �

2

= 1 =�

1

an d a n u m b er N su c h t h a t t h e

m ap z 7! c

0

= ( �

N

2

z ) m ap s t h e ann ulus A = A ( r

1

; r

2

) = f z : r

1

� j z j � r

2

g on t o it s elf. Th e n u m b er � m ust b e

sm all enough, so t h a t t h e conclus ion of Lemm a 14 h o lds an d � < �

0

, wh ere �

0

i s giv en b y Th eorem 7.

It i s cle ar t h a t if m = m

( n )

2 M

( n )

an d n i s su�cien t ly large t h en t h ere exi st n u m b ers l

( n )

1

an d l

( n )

2

su c h

t h a t �

l

( n )

1

( m

( n )

) 2  

� 1

1

( A ) an d �

l

( n )

2

( m

( n )

) 2  

� 1

2

( A ), an d moreo v er l

( n )

1

� l

( n )

2

= N in d ep en d en t ly of n .

Let E � E � E

0

b e t h e s et of t h e s e pairs ( �; � ) t h a t for som e n an d m

( n )

2 M

( n )

w e h a v e p

1

( �

l

( n )

1

( m

( n )

)) 2

S

� ;�

an d p

2

( �

l

( n )

2

( m

( n )

)) 2 U

� ;�

, wit h l

( n )

1

an d l

( n )

2

d e�n e d a b o v e. W e claim t h a t E i s �nit e. In d ee d, if it wh ere

not t h e cas e t h en b y Th eorem 7 w e could pic k a s equence m

( n )

of elem en t s of M an d n u m b ers �

1

; �

2

2 M

su c h t h a t

1. ( �

( n )

; �

( n )

) 2 E ;

2. �

s

�

( n )

! �

s

��

� �

1

wh ere �

s

�

h as t h e sam e m e anin g as �

�

b efore, an d �

1

� 1;

3. �

u

�

( n )

! �

u

��

� �

2

, wh ere �

u

�

m e ans t h e an alogue of �

s

�

for t h e u nst a b le �xe d p oin t an d �

2

� 1;

4. only on e of t h e n u m b ers �

1

, �

2

can b e 1.

W e will s ee t h a t t hi s imp lie s t h e exi st ence of a comp on en t of H

r eg

on whic h  t ak e s a const an t v alue �

1

�

2

c

0

whic h i s sm aller in a b so lu t e v alue t h an 
 .

In view of our as su mpt ions, for ev ery n t h ere i s a branc h F

( n )

of R

N

whic h m ap s t h e germ of a curv e

m

( n )

l

( n )

2

t o m

( n )

l

( n )

1

. Th us, for su�cien t ly large n t h ere i s an o p en su b s et U

n

of A su c h t h a t for all z 2 U

n

w e h a v e

�

�

u

�

( n )

( z ) ; �

s

�

( n )

�

c

( n )

�

N

2

z

��

2 R

N

:(135)

By m eromorphic con t in ua t ion, t h e a b o v e rela t ion h o lds on t h e m axim al ann ulus A ( r

( n )

1

; r

( n )

2

) � A , on whic h

t h e left-h an d s id e i s d e�n e d. W e h a v e lim

n !1

r

( n )

1

= r

1

an d lim

n !1

r

( n )

2

= r

2

. P as s in g wit h n ! 1 yields

�

�

u

��

( �

1

z ) ; �

s

��

�

�

2

c

0

�

N

2

z

��

2 R

N

(136)

for all z 2 A . W e h a v e sh o wn t h a t t h ere exi st s only a �nit e su b s et B

N

of A su c h t h a t for z 2 B

N

an d som e

k 2 f 0 ; 1 ; : : : ; N g t h e p oin t �

u

��

( �

1

z ) i s in t h e s in gular s et of R

k

. Th us, equa t ion 136 allo ws us t o constru ct
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a comp on en t M

( 1 )

of H

r eg

su c h t h a t  j M

( 1 )

� c

0

0

wh ere c

0

0

= c

0

�

1

�

2

. Cle arly , j c

0

0

j � j c

0

j �

max

, so w e h a v e

constru ct e d M

( 1 )

wit h t h e d e s ire d pro p ert ie s.

Th us w e h a v e pro v en t h a t E i s �nit e. F urt h ermore, w e h a v e sh o wn t h a t c

( n )

= c

0

for su�cien t ly large n

an d t h a t t h ere are only a �nit e n u m b er of di st inct comp on en t s amon gst M

( n )

. W e also exhibit e d a pro ce d ure

b y whic h t o c h o o s e a con v ergen t su b s equence f rom a s equence of elem en t s of M

0

= M = h � i . Th us, w e h a v e

e st a b li sh e d t h e compactn e s s of M

0

. Also, t h ere exi st s a n a t ural n u m b er L wit h t h e pro p ert y t h a t for su�cien t ly

large n w e h a v e S h ( M

( n )

) � Y wh ere

Y = Y ( �; L ) = F

s

�;L

( A

1

) [ F

u

�;L

( A

2

)(137)

an d � = � �

N

2

, for examp le. It i s e asy t o s ee t h a t Y i s compact. Ho w ev er, Y i s not a v ar iet y an d w e will re sort

t o a more preci s e constru ct ion t o sh o w t h e exi st ence of an alge braic v ar iet y V .

Let c

0

2

~

� . Let ( M

l

) b e an y regular cycle on whic h  � c

0

. Let M =

S

l

M

l

an d let 


0

= j c

0

j .

Let us cons id er t h e Riem ann surf ace

c

M cons i st in g of

1. all germs of curv e s in X of t h e form m

0

, wh ere m = ( m

l

) 2 M ;

2. all branc h p oin t s add e d t o t h e germs of t h e a b o v e t yp e;

3. �llin g in pu nct ure s left aft er t h e previous t w o st ep s.

W e will furt h er clar ify t hi s d e�nit ion b y a more straigh tforw ard constru ct ion

c

M . In addit ion, w e will sh o w

t h a t

c

M i s compact.

Th e �rst ph as e of t h e constru ct ion of

c

M cons i st s in rep e a t in g t h e pro of of �nit en e s of E for t h e s equence

c

( n )

= c

0

. Th us, w e cons id er t h e s et E of all pairs ( �; � ) su c h t h a t t h ere exi st s a s equence of germs m = ( m

l

) 2

M for whic h ( m

l

)

0

l = �1

2 U

� ;�

an d ( m

l

)

1

l = N

2 S

� ;�

. As w e h a v e sh o wn, E i s �nit e. F or ev ery pair ( �; � ) 2 E

an d z 2 A ( r

1

; r

2

) w e h a v e

�

�

u

�

( z ) ; �

s

�

�

c

0

�

N

2

z

� �

2 R

N

:(138)

Let us cons id er t h e s et

0

� of �nite s equence s of germs ( m

l

)

N

l =0

of non-s in gular curv e s in X su c h t h a t

1. m

0

i s a germ of a curv e z 7! �

u

�

( z ) a t som e p oin t z

0

2 A ( r

1

; r

2

);

2. m

N

i s a germ of a curv e z 7! �

s

�

( z ) a t som e p oin t z

N

2 A ( r

1

; r

2

);

3. z

0

z

N

= c

0

=�

N

2

;

4. for l = 0 ; 1 ; : : : ; N � 1 t h ere i s a u nique lo cal branc h �

l

of R su c h t h a t �

l

( V

l

) = V

l +1

, wh ere V

l

i s som e

repre s en t a t iv e of m

l

.

Cle arly ,

0

� i s a Riem ann surf ace wit h a re al-an alyt ic b ou n d ary . Th ere i s also a Riem ann surf ace � obt ain e d

b y adjoinin g branc h p oin t s t o

0

� . It i s e asy t o s ee t h a t � i s compact.

Let for k = 0 ; 1 ; 2 ; : : : ; N cons id er t h e s et

0

�

k

cons i st of t h e germs m

k

, wh ere ( m

l

)

N

l =0

2

0

� . Similarly ,

t h ere exi st s a surf ace �

k

obt ain e d b y adjoinin g branc h p oin t s. W e not e t h a t �

k

�

c

M in a n a t ural w ay .

It i s cle ar t h a t

c

M n

S

N

k =0

�

k

i s con t ain e d in t h e s et � of all germs of t h e curv e s z 7! �

u

�

j

�

( z ) or z 7! �

s

�

j

�

( z ),

wh ere z 2 B (0 ; � ), ( �; � ) 2 E an d j = 0 ; 1 ; : : : ; J , wh ere J i s large enough so t h a t �

k

= 1 an d �

k

= 1 for all

k � J . It i s cle ar t h a t � i s a �nit e u nion of di sks. W e h a v e co v ere d

c

M wit h a �nit e n u m b er of compact s et s.

Hence,

c

M i s compact.

Let q

1

: M !

c

M b e t h e m ap ( m

l

) 7! m

0

. Let q

2

:

c

M ! X b e t h e n a t ural pro ject ion, i.e. t h e germ [ V ]

w

i s m ap p e d t o w u n d er q

2

. W e h a v e S h j M = q

2

� q

1

. Th us, w e h a v e t h e fo llo win g comm u t in g diagram:

�

�

�

�

�

�	

@

@

@

@

@

@R

-

M

q

2

X

S h

c

M

q

1
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No w w e are re ady t o s et

V = q

2

(

c

M ) :

In view of t h e compactn e s s of

c

M an d an alyt icit y of q

2

, t h e im age V i s a h o lomorphic su b v ar iet y of X , an d

b y Ch o w's t h eorem, it i s an alge braic curv e. Th e rem ainin g claims of our t h eorem fo llo w e as ily . Let us not e

t h a t q

1

( M ) =

c

M n Q , wh ere Q i s a �nit e s et cons i st in g of t h e germs [ �

s

�

]

0

an d [ �

u

�

]

0

, wh ere ( �; � ) 2 E . Th us,

Q i s �nit e. Hence t h e s et V n S h ( M ) � q

2

( Q ) i s �nit e. Our pro of i s comp let e.

7.4. A lgebr aic curves asso ciate d with other c omp onents

Th eorem 8 le ads t o a clas s i�ca t ion of al l (not only regular) comp on en t s of H , pro vid e d t h a t H

r eg

6= ; .

Th eorem 9. L et us assume that ther e exists an algebr aic curve V such that W

s

loc

( A

1

) [ W

u

loc

( A

2

) � V . F or

every cycle ( M

l

) in H ther e exists a unique algebr aic curve V

0

such that

1. S h ( M ) � V

0

and V

0

n S h ( M ) is �nite;

2. V

0

c ontains V and ther e is a natur al numb er N such that

V

0

�

N

[

k =0

R

k

( V ) \ R

� ( N � k )

( V );

3. V

0

is invariant, i.e. ther e exists a r e gular algebr aic r elation

R

0

� R \ ( V

0

� V

0

) :

Pr o of. Th ere exi st s N , a s equence of lo cal branc h e s ( �

k

)

N � 1

k =0

of R an d a s equence of non-s in gular curv e s

( V

k

)

N

k =0

su c h t h a t

1. V

0

� W

u

loc

( A

2

);

2. V

N

� W

s

loc

( A

1

);

3. for k = 0 ; 1 ; : : : ; N � 1 w e h a v e �

k

( V

k

) = V

k +1

.

It i s cle ar t h a t V

k

� R

k

( V ) \ R

� ( N � k )

( V ). Let V

0

b e t h e Zar i ski clo sure of t h e u nion of all curv e s V

k

constru ct e d in t h e a b o v e w ay . Let R

0

� V

0

� V

0

b e t h e Zar i ski clo sure of all graphs of t h e branc h e s �

k

. It i s

cle ar t h a t V

0

an d R

0

h a v e t h e d e s ire d pro p ert ie s.

As t h e n u m b er N can b e arbitrary , t h ere m ay not b e a single v ar iet y V

0

whic h will m ak e t h e conclus ion of

t h e a b o v e t h eorem true for all cycle s. Ho w ev er, examp le s in whic h N i s u n b ou n d e d are not kno wn.

7.5. A pr oblem c onc erning the genus of a c omp onent

Th e pro of of Th eorem 8 le ads t o an in t ere st in g que st ion.

Prob lem 2. Let M b e a non-compact Riem ann surf ace an d let � : M ! M b e an a u t omorphi sm su c h t h a t

t h e cyclic group �

d ef

= h � i act s on M f reely an d di scret ely an d co-compact ly , i.e t h e quot ien t C =� i s compact.

Moreo v er, let  : M ! C b e a h o lomorphic fu nct ion on M whic h sa t i s�e s t h e fu nct ion al equa t ion

 � � = � 

wh ere � 2 C

�

an d j � j 6= 1. Let g b e t h e gen us of t h e compact Riem ann surf ace M =� . Is it p o s s ib le t h a t

g � 2?
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Th e answ er t o t hi s que st ion i s almo st cert ainly p o s it iv e. Thi s can b e e st a b li sh e d b y cons id er in g t h e h o lo-

morphic form ! = d = on M =� . Th e n ece s sary an d su�cien t con dit ion of t h e exi st ence of t h e s it ua t ion

d e scr ib e d in t h e a b o v e prob lem can b e form ula t e d in t erms of t h e p er io ds of ! on t h e gen era t ors of t h e

�rst h omo logy group H

1

( M =� ; Z ). It i s e asy t o �n d a harmonic form wit h t h e d e s ire d p er io ds. Ho w ev er, t h e

requirem en t t h a t ! b e h o lomorphic le ads quic kly t o cons id era t ions concer nin g T e ic hm • uller space s an d it h as

not b een fully re so lv e d.

Of cours e, t h e a b o v e que st ion can com e up in cons id era t ions concer nin g comp lica t e d h et ero clinic conn ec-

t ions. Th e answ er in t h e n ega t iv e w ould m e an t h a t t h ere cannot b e in v ar ian t alge braic curv e s of high gen us,

an d t h us it w ould elimin a t e a ran ge of p o s s ibilit ie s. As w e h a v e m en t ion e d, t h e answ er t o t h e a b o v e que st ion

i s lik ely t o b e p o s it iv e, an d t h us in t h e Equic h ord al P oin t Prob lem, t h e non-exi st ence of in v ar ian t curv e s of

gen us � 1 (whic h corre sp on ds t o gen us of M =� b e in g � 2) will h a v e t o b e pro v en direct ly .

A di�eren t coro llary of a p o s it iv e answ er t o t h e a b o v e prob lem i s t h e exi st ence of a 1-dimensional Riem ann

surf ace X of gen us g � 2 an d an alge braic rela t ion R on X for whic h t h e quot ien t H = h � i i s compact. Th e

re ad er sh ould ob s erv e t h a t mo st of our constru ct ions are direct ly ap p lica b le t o t h e 1-dim ens ion al cas e.

7.6. Classi�c ation of p ar ab olic c omp onents

In t h e n ext t h eorem w e clas s ify all para b o lic cycle s an d comp on en t s. In part icular, w e sh o w t h a t ev ery su c h

comp on en t i s regular, an d t h erefore w e will get on e st ep clo s er t o sh o win g t h e equalit y H = H

r eg

.

Th eorem 10. If ( M

l

) is a p ar ab olic cycle in H then ( M

l

) is a r e gular cycle of length 1. Mor e over, W

s

( A

1

) '

C , W

u

( A

2

) ' C , �

j

' �

j

for j = 1 ; 2 and H ' C

�

. F urthermor e, ther e is a unique irr e ducible algebr aic curve

V of genus 0 such that W

s

loc

( A

1

) [ W

u

loc

( A

2

) � V .

Pr o of. By d e�nit ion, t h e co v er in g space

f

M

l

' C . Let �

l

: C ! M

l

b e t h e u niv ersal co v er in g m ap.

Let us recall t h a t w e h a v e d e�n e d t w o pro ject ions p

1

: H ! W

s

( A

1

) an d p

2

: H ! W

u

( A

2

). F or ev ery l

t h e im age p

1

( M

l

) i s in a comp on en t W

l

of W

s

( A

1

). Moreo v er, for su�cien t ly large l w e h a v e W

l

= W , wh ere

W i s t h e conn ect e d comp on en t of W

s

( A

1

) con t ainin g A

1

. W e claim t h a t W

l

i s not i somorphic t o P

1

. If, t o

t h e con trary , W

l

i s i somorphic t o P

1

for som e l t h en � j W

l

w ould m ap W

l

t o W

l +1

. If W

l +1

w ere para b o lic or

h yp erb o lic t h en � j W

l

w ould lift t o a b ou n d e d fu nct ion P

1

! C an d it w ould h a v e t o b e const an t, whic h i s not

p o s s ib le. Th us W

l +1

i s also ellipt ic. Hence, W (t h e comp on en t of A

1

) i s ellipt ic. Moreo v er � j W : W ! W .

Hence � j W i s a ra t ion al m ap. Moreo v er, � j W h as exact ly on e a t tract iv e �xe d p oin t. Bu t it i s e asy t o s ee t h a t

a non-const an t ra t ion al m ap h a vin g on e a t tract iv e �xe d p oin t m ust h a v e a t le ast on e ot h er �xe d p oin t. W e

obt ain a con tradict ion wit h t h e as su mpt ion t h a t for som e l t h e comp on en t W

l

i s ellipt ic.

Th e cas e of h yp erb o lic W

l

can also b e exclud e d. In d ee d, t h e lift ~q : C ! D of t h e m ap q = p

1

� �

l

w ould

b e an en t ire fu nct ion wit h v alue s in D , an d t h us b y Liouville's t h eorem it w ould b e const an t.

Hence, W

l

i s para b o lic for all l . W e claim t h a t W

l

' C . First w e ob s erv e t h a t p

1

( M

l

) 6= W

l

. Thi s i s true

b eca us e W

l

con t ains an elem en t B of �

� m

( A

1

) for som e su�cien t ly large m , an d B cannot b e in p

1

( M

l

). Let

us sup p o s e t h a t t h e u niv ersal co v er in g m ap r

l

: C ! W

l

i s not a h om eomorphi sm. Th en t h ere exi st in�nit ely

m an y p oin t s in t h e pre im age r

� 1

( B ). Th e m ap ~q : C ! C i s an en t ire m ap an d it mi s s e s a cou n t a b le s et of

p oin t s r

� 1

( B ). Bu t Picard's t h eorem says t h a t if an en t ire fu nct ion mi s s e s 2 p oin t s t h en it m ust b e const an t.

Th us, w e h a v e pro v en t h a t if t h ere exi st s a para b o lic cycle ( M

l

) t h en p

1

j M

l

m ap s M

l

t o a comp on en t W

of W

s

( A

1

) whic h i s i somorphic t o C . Also p

2

j M

l

m ap s M

l

t o a comp on en t W

0

of W

u

( A

2

) i somorphic t o C .

Th e m ap �

1

i s an en t ire fu nct ion. Ho w ev er, d ue t o t h e alge braic n a t ure of R , it h as �nit e m ul t ip licit y .

Th us, up t o ob vious id en t i�ca t ions �

1

i s p o lynomial. Bu t ev ery p oin t of W

s

( A

1

) i s a t tract e d t o A

1

. Th us,

�

1

i s lin e ar. Ot h erwi s e an o p en s et of p oin t s of W

u

( A

1

) w ould b e a t tract e d t o 1 . A s imilar argu m en t sh o ws

t h a t �

2

i s lin e ar as w ell.

Let us cons id er t h e fu nct ion g = 1 = . Thi s i s a h o lomorphic fu nct ion on H . Moreo v er, it i s b ou n d e d

b y Lemm a 17. Th us, if M

0

i s a para b o lic comp on en t (i.e. M

0

i s e it h er C or C

�

or C =� , wh ere � i s a 2-

dim ens ion al la t t ice in C ) t h en g i s const an t on t h a t comp on en t. Th us, t h e comp on en t M

0

i s regular an d w e

obt ain t h e exi st ence of t h e alge braic curv e V f rom Th eorem 8. W e n ee d t o sh o w t h a t V i s irre d u cib le. F rom

t h e constru ct ion of H an d t h e lac k of branc h p oin t s in W

s

( A

1

) an d W

u

( A

2

) w e conclud e t h a t p

1

: H !

W

s

( A

1

) nf A

1

g an d p

2

: H ! W

u

( A

2

) nf A

2

g are co v er in g m ap s. Th us, ev ery comp on en t of H i s i somorphic t o

e it h er C or C

�

. Th e �rst cas e can b e exclud e d b y lift in g an d Picard's Th eorem, an d t h us ev ery comp on en t of
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H i s i somorphic t o C

�

. In part icular, p

1

an d p

2

are di�eomorphi sms on ev ery comp on en t of H an d t h us also

 

1

an d  

2

are di�eomorphi sms on ev ery comp on en t of H . W e also ob s erv e t h a t H h as only on e comp on en t,

as ev ery s equence ( m

n

)

1

n =0

2 W

s

( A

1

) ext en ds t o a dou b le-s id e d s equence ( m

n

)

1

n = �1

2 H in a u nique w ay ,

as �

1

i s a di�eomorphi sm. Fin ally , Th eorem 8 imp lie s in t hi s cas e t h a t V con t ains a Zar i ski-d ens e su b s et

S h ( M ), whic h i s conn ect e d. Th erefore V i s irre d u cib le.

7.7. The hyp erb olic c ase

Our n ext goal i s t o sh o w t h a t ev ery h yp erb o lic comp on en t i s regular. Th e fo llo win g t h eorem i s t h e �n al st ep

of t h e pro of of t h e equalit y H = H

r eg

.

Th eorem 11. If ( M

l

) is a hyp erb olic cycle in H then it is r e gular.

Pr o of. Let us as su m e t h a t ( M

l

) i s a �nit e or in�nit e h yp erb o lic cycle in H . Let us sup p o s e t h a t  j M i s

non-const an t. W e will get a con tradict ion wit h t hi s as su mpt ion.

Let p : D ! M

0

b e t h e u niv ersal co v er in g m ap. Let us cons id er t h e fu nct ion g = 1 = . W e kno w f rom

Lemm a 17 t h a t g i s b ou n d e d. Th e fu nct ion ~g = g � p i s b ou n d e d an d an alyt ic on t h e u nit di sk. Us in g t h e

t h eorem of F a t ou (s ee s ect ion A of t h e A p p en dix) w e kno w t h a t for almo st ev ery � 2 [0 ; 2 � [ t h e radial limit

lim

r ! 1

~g ( r e

i�

) exi st s. Th e t h eorem of Rie sz imp lie s t h a t for ev ery c t h e s et of t h o s e direct ions � 2 [0 ; 2 � [ t h a t

lim

r ! 1

~g ( r e

i�

) = c h as m e asure 0. Th us t h e s et of radial limit s of ~g cons i st s of u ncou n t a b ly m an y v alue s.

W e will re-in t erpret our ob s erv a t ions in t erms of t h e geo d e s ics on t h e surf ace M

0

equip p e d wit h t h e

Riem annian m etr ic of const an t n ega t iv e curv a t ure � 1 d er iv e d f rom t h e P oincar � e m etr ic on D . Th e t h eorems

of F a t ou an d Rie sz imp ly t h a t t h e fu nct ion g h as a limit alon g almo st ev ery geo d e s ic ray on M

0

. Thi s m e ans

t h a t t h e fu nct ion  i s b ou n d e d alon g almo st ev ery geo d e s ic ray an d it h as a limit. Thi s f act will allo w us t o

us e t h e sam e m et h o d as w e h a v e alre ady us e d in t h e pro of of Th eorem 8 in ord er t o sh o w t h a t almo st ev ery

geo d e s ic ray 
 on M

0

d e�n e s a regular conn ect e d comp on en t M

( 1 )

of H b y a cert ain limit in g pro ce d ure.

Let us pic k a geo d e s ic ray 
 : [0 ; 1 [ ! M

0

param et er ize d b y t h e len gt h param et er s . Moreo v er, w e will

as su m e t h a t

c

0

= lim

s !1

 � 
 ( s )(139)

exi st s.

Th e n ext p oin t of our stra t egy i s t o sh o w t h a t t h ere are u ncou n t a b ly m an y limit p oin t s of t h e geo d e s ic 


pro ject e d t o X via S h . Th e preci s e st a t em en t i s a lit t le bit stron ger.

As in t h e pro of of Th eorem 8, w e pic k n u m b ers r

1

; r

2

so t h a t 0 < r

1

< r

2

< � , r

2

=r

1

> �

2

= 1 =�

1

an d a

n u m b er N su c h t h a t t h e m ap z 7! c

0

= ( �

N

2

z ) m ap s t h e ann ulus A = A ( r

1

; r

2

) = f z : r

1

� j z j � r

2

g on t o it s elf.

Let Z b e t h e s et of t h o s e v alue s z 2 C

�

for whic h t h ere i s a s equence s

n

% 1 an d a s equence p

n

% 1

of n a t ural n u m b ers su c h t h a t

z = lim

n !1

 

1

( �

p

n


 ( s

n

)) :(140)

W e claim t h a t Z \ A i s u ncou n t a b le. W e recall t h a t M

0

= M = h � i , M

0

i s conn ect e d an d t h ere i s a co v er in g

m ap f rom M

0

t o M

0

. Th erefore t h e u niv ersal co v er in g space of M

0

i s D . Let us cons id er t h e f act or m ap

^

 

1

: M

0

! C

�

= h �

1

i , wh ere t h e ran ge i s i somorphic t o t h e comp lex t orus. Let ^


1

b e t h e pro ject ion of 


1

=  

1

� 


t o t h e comp lex t orus C

�

= h �

1

i via t h e n a t ural pro ject ion. It su�ce s t o sh o w t h a t t h e s et Z

0

� C

�

= h �

1

i of t h e

limit p oin t s of t h e curv e ^


1

i s u ncou n t a b le. W e not e t h a t

Z

0

=

[

s � 0

^


1

([ s; 1 [ )

an d t h erefore Z

0

i s a con t in uu m as an in t ers ect ion of a d e scen din g s equence of con t in ua. Th us, if Z

0

h as a t

le ast t w o p oin t s t h en it h as u ncou n t a b ly m an y p oin t s. Let us sup p o s e t h a t Z

0

h as only on e p oin t. It i s e asy

t o s ee t h a t Z also h as exact ly on e p oin t. Let Z = f z g . W e claim t h a t lim

s !1


 ( s ) exi st s in M

0

.

Th ere exi st n u m b ers p an d q su c h t h a t for su�cien t ly large s w e h a v e:

 

1

( �

p


 ( s )) 2 A ;

 

2

( �

q


 ( s )) 2 A :
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Th erefore, t h ere exi st s a pair ( �; � ) 2 E � E

0

su c h t h a t for su�cien t ly large s

p

1

( �

p


 ( s )) 2 S

� ;�

;

p

2

( �

q


 ( s )) 2 U

� ;�

:

It i s cle ar t h a t t h e limit s

m

+

= lim

s !1

p

1

( �

p


 ( s )) ;

m

�

= lim

s !1

p

2

( �

q


 ( s ))

exi st. Th e s e can b e t h ough t of as t h e limit s of t h e t ails of t h e s equence of germs 
 ( s ). It i s e asy t o s ee

t h a t m

+

2

0

W

s

( A

1

) an d m

�

2

0

W

u

( A

2

), i.e. m

+

an d m

�

are not branc h p oin t s. Let m

+

= ( m

+

n

)

1

n = p

an d

m

�

= ( m

�

n

)

q

n = �1

. It i s n a t ural t o a t t empt t o constru ct m = lim

s !1


 ( s ) b y �llin g in t h e \mi s s in g part"

( m

n

)

p � 1

n = q +1

of m in a n a t ural w ay . Th e comp lica t ion i s t h a t t h e limit m can b e a branc h p oin t of H . Ho w ev er,

t h ere are only a �nit e n u m b er of p oin t s m of H wit h t h e pro p ert y t h a t p

1

( �

p

( m )) = m

+

an d p

2

( �

q

( m )) = m

�

.

Th e curv e 
 en t ers a n e igh b orh o o d of exact ly on e of t h em, an d t hi s i s t h e limit lim

s !1


 ( s ). Th e re ad er can

e as ily �ll in t h e d et ails b y cons id er in g t h e constru ct ion of t h e branc h p oin t s of H . W e obt ain e d a con tradict ion

wit h t h e f act t h a t 
 i s a geo d e s ic ray on M

0

b eca us e a geo d e s ic ray cannot h a v e a limit in M

0

. Th us, w e h a v e

comp let e d t h e pro of of t h e f act t h a t Z (an d ev en Z \ A ) i s u ncou n t a b le.

F or ev ery c 2 C

�

w e cons id er t h e s et W ( c ) of t h e s e z 2 A su c h t h a t t h ere exi st s an orbit ( z

0

; z

1

; : : : ; z

N

) 2

R

N

su c h t h a t:

1. �

u

�

( z ) = z

0

.

2. �

s

�

( c= ( �

N

2

z )) = z

N

;

W e not ice t h a t t h ere exi st s a regular comp on en t M of H su c h t h a t  j M = c i� t h e s et W ( c ) i s u ncou n t a b le.

Our stra t egy i s t o pro v e t h a t W ( c ) i s u ncou n t a b le for som e v alue s of c . Let us �x z 2 Z \ A an d let s

n

an d p

n

b e su c h t h a t equa t ion 140 h o lds. Let q

n

b e a s equence of n a t ural n u m b ers an d ( �

( n )

; �

( n )

) 2 E � E

0

b e a s equence of pairs wit h t h e fo llo win g pro p ert ie s:

1. p

1

( �

p

n


 ( s

n

)) 2 S

� ;�

( n )

;

2. p

2

( �

q

n


 ( s

n

)) 2 U

� ;�

( n )

;

3. p

n

� q

n

= N i s const an t for su�cien t ly large n .

Let E b e t h e s et of all pairs ( �

( n )

; �

( n )

) for all n . W e m ay as su m e wit h ou t lo s s of gen eralit y t h a t for som e

�

1

; �

2

2 M , �

s

�

( n )

! �

s

��

� �

1

an d �

u

�

( n )

! �

u

��

� �

2

in t h e t o p o logy of u niform con v ergence. (Thi s t im e, w e

includ e t h e tr ivial cas e wh en �

1

= �

2

= 1.) Cle arly , lim

n !1

 ( 
 ( s

n

)) = c

0

. Also, for ev ery su�cien t ly large

n , t h ere i s a s equence ( z

( n )

0

; z

( n )

1

; : : : ; z

( n )

N

) 2 R

N

wit h t h e pro p ert y t h a t z

( n )

0

2 �

u

�

( n )

( A ), z

( n )

N

2 �

s

�

( n )

( A ). By

c h o o s in g a con v ergen t su b s equence w e obt ain a s equence ( z

0

; z

1

; : : : ; z

N

) 2 R

N

su c h t h a t z

0

= �

u

��

( �

1

z ) an d

z

N

= �

s

��

( �

2

( c

0

= ( �

N

2

z ))). Th us, z 2 W ( c

1

) wh ere c

1

= c

0

�

1

�

2

. Hence,

Z \ A �

[

�

1

;�

2

2M

W ( c

0

�

1

�

2

) :(141)

W e kno w t h a t M i s cou n t a b le. Th us t h e u nion on t h e r igh t h as cou n t a b ly m an y t erms. (It i s ev en �nit e, bu t

cou n t a bilit y i s su�cien t for our argu m en t). Th erefore, t h ere exi st s c

1

for whic h W ( c

1

) i s u ncou n t a b le. Th us,

t h ere i s a regular comp on en t M

( 1 )

of H su c h t h a t  j M

( 1 )

� c

1

. In view of t h e f act t h a t H h as only cou n t a b ly

m an y comp on en t s, t h e s et of all p o s s ib le v alue s c

1

i s cou n t a b le. Hence, t h e s et of all p o s s ib le limit s c

0

giv en

b y equa t ion 139, wh ere 
 v ar ie s o v er t h e s et of all geo d e s ic rays, i s also cou n t a b le. Thi s i s a con tradict ion

wit h t h e as su mpt ion t h a t  j M

0

i s not const an t.

W e arr iv e d a t a con tradict ion as su min g t h a t M

0

i s not regular. Th erefore t h e pro of of t h e t h eorem i s

comp let e.
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7.8. A summary of r esults

Th eorems 8, 9, 10 an d 11 yield t h e fo llo win g:

Coro llary 4. If R is the e quichor dal r elation then H = H

r eg

. If ther e exists a heter o clinic c onne ction, i.e.

H 6= ; , then ther e exists an invariant algebr aic curve V � X = P

2

1

such that

1. W

s

loc

( A

1

) [ W

u

loc

( A

2

) � V ;

2. for every cycle ( M

l

) and M =

S

l

M

l

ther e exists a unique invariant algebr aic curve V

0

c ontaining V and

ther e exists a natur al numb er N such that

V

0

�

N

[

k =0

R

k

( V ) \ R

� ( N � k )

( V );

mor e over, S h ( M ) � V

0

and V

0

n S h ( M ) is �nite.

Concept ually , V i s a v ar iet y constru ct e d in t h e pro of of Th eorem 8 corre sp on din g t o a minim al cycle. Ho w ev er,

w e m ay d e�n e V t o b e t h e Zar i ski clo sure of W

s

loc

( A

1

) [ W

u

loc

( A

2

). W e st ill n ee d Th eorem 8 t o sh o w t h a t

dim V = 1.

W e ac hiev e d our goal of re d u cin g t h e Equic h ord al P oin t Prob lem t o t h e que st ion of wh et h er t h ere exi st s

an alge braic equic h ord al curv e.

8. A b s ence of alge brai c so lu t ions

Th e only rem ainin g st ep in our so lu t ion of t h e Equic h ord al P oin t Prob lem i s a pro of of non-exi st ence of an

alge braic equic h ord al curv e C , i.e. giv en b y a s in gle p o lynomial equa t ion of t h e form H ( x; y ) = 0 in rect an gular

co ordin a t e s, wh ere H ( x; y ) =

P

p

j =0

P

q

l =0

h

j l

x

j

y

l

. As w e will s ee, t h ere i s a rela t iv ely e asy so lu t ion t o t hi s

prob lem. In d ee d, w e h a v e sh o wn in t h e previous s ect ion t h a t if t h ere exi st s a h et ero clinic conn ect ion for

t h e equic h ord al rela t ion t h en t h ere i s an alge braic curv e V su c h t h a t W

s

loc

( A

1

) [ W

u

loc

( A

2

) � V . Bu t t hi s

imp lie s e as ily t h a t C � V . In d ee d, w e kno w t h a t C i s re al-an alyt ic, whic h allo ws lo cal con t in ua t ion of C in t o

t h e comp lex dom ain. By Th eorem 2 C con t ains t w o arcs con t ain e d in W

s

loc

( A

1

) an d W

u

loc

( A

2

) re sp ect iv ely .

An alyt ic con t in ua t ion alon g C sh o ws t h a t C i s en t irely con t ain e d in V .

W e not e t h a t in t h e cas e wh en t h e gen us of V i s � 1 w e h a v e not exclud e d t h e p o s s ibilit y t h a t V i s not

irre d u cib le. Ho w ev er, w e h a v e t h e fo llo win g re sul t:

Lemm a 18. (Irre d u cibilit y lemm a) If V is the minimal algebr aic variety c ontaining an e quichor dal curve C

(i.e. the Zariski closur e of C ) then V is an irr e ducible algebr aic curve.

Pr o of. Let m = ( m

n

)

1

n = �1

2 H b e t h e h et ero clinic conn ect ion d e�n e d b y t h e form ula [

~

C ]

P

n

, wh ere

~

C i s a

lo cal con t in ua t ion of C in t o t h e comp lex dom ain an d ( P

n

) i s an equic h ord al s equence con t ain e d in C . W e

claim t h a t t h e conn ect e d comp on en t M of H con t ainin g m h as t h e pro p ert y � ( M ) = M . In d ee d, us in g t h e

equic h ord al curv e w e m ay d eform m con t in uously in t o � ( m ) wit hin H . Th us, all p oin t s of t h e form �

l

( m ),

l 2 Z , lie in t h e sam e comp on en t of H . In part icular, t h e cycle con t ainin g m h as len gt h 1, i.e. � ( M ) = M .

Fin ally , Th eorem 8 imp lie s t h a t t h a t V i s equal t o S h ( M ) up t o a �nit e s et of p oin t s. F urt h ermore, S h ( M )

i s Zar i ski-d ens e in V s ince V i s pure-dim ens ion al. In view of t h e f act t h a t M i s conn ect e d, S h ( M ) i s also

conn ect e d. Th us V i s irre d u cib le.

Th e argu m en t for t h e a b s ence of alge braic so lu t ions i s mo st re adily don e in s emi-pro ject iv e co ordin a t e s. Th e

equic h ord al m ap repre s en t e d in t hi s co ordin a t e syst em i s ( x; w ) 7! ( x

0

; w

0

) wh ere

x

0

= � x +

1

p

1 + w

2

;

w

0

=

x

0

+ b

x

0

� b

w(142)

wit h t h e u n d erst an din g t h a t w e calcula t e x

0

�rst an d us e it in t h e s econ d equa t ion.
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Th eorem 12. The e quichor dal r elation has no irr e ducible invariant algebr aic curve c ontaining W

s

loc

( A

1

) [

W

u

loc

( A

2

) .

Pr o of. Let us sup p o s e t h a t V i s an in v ar ian t alge braic curv e of t h e equic h ord al rela t ion.

Let R

0

b e an irre d u cib le comp on en t of R \ ( V � V ) whic h i s a non-s in gular alge braic rela t ion on V . Let

�

l

: V

2

! V , l = 1 ; 2, b e t h e pro ject ion on t o t h e l -t h co ordin a t e. Let S

0

= S \ ( V � V ) b e t h e s in gular s et of

R

0

. Let S

00

= �

1

( S

0

) [ �

2

( S

0

).

Let � b e t h e m ul t ip licit y of t h e m ap �

l

j R

0

a t all p oin t s P 2 R

0

n S

0

. W e can s ee t h a t � i s in d ep en d en t of

l d ue t o t h e rev ers ibilit y of R , i.e. R

� 1

= G � R � G , wh ere G

2

= id an d G i s a bi-ra t ion al m ap su c h t h a t

G ( C ) = C , whic h imp lie s t h a t G ( V ) = V . Th ere are only t w o p o s s ibilit ie s: � i s equal t o e it h er 1 or 2. Thi s

i s b eca us e R it s elf h as m ul t ip licit y 2 a t all non-s in gular p oin t s. Th e s e t w o cas e s will b e st udie d s epara t ely .

Let us st art wit h � = 2. In t hi s cas e it i s true t h a t if P 2 V n S

00

t h en b ot h R ( P ) an d R

� 1

( P ) are con t ain e d

in V , i.e. for a gen er ic P 2 V b ot h pre im age s of P are also in V . In part icular, t h e full forw ard an d bac kw ard

orbit s of A

1

an d A

2

are con t ain e d in V . It i s cle ar t h a t t h e s e are in�nit e s et s con t ain e d in t h e lin e w = 0 in

s emi-pro ject iv e co ordin a t e s (or y = 0 in rect an gular co ordin a t e s). Thi s m e ans t h a t t h e lin e w = 0 i s con t ain e d

in V . As t h e lin e w = 0 b y it s elf i s an irre d u cib le pro ject iv e curv e, V coincid e s wit h t h e lin e w = 0. Thi s i s a

con tradict ion, as V con t ains W

s

loc

( A

1

) an d W

u

loc

( A

2

) whic h are not con t ain e d in t h e lin e w = 0.

Let us cons id er t h e cas e of � = 1. In t hi s cas e t h e rela t ion R

0

i s a graph of a bi-h o lomorphic, an d t h us

bi-ra t ion al m ap, as an y bi-h o lomorphic m ap on an alge braic curv e i s bi-ra t ion al. W e claim t h a t in t hi s cas e

V m ust h a v e gen us 0. In d ee d, let V

0

b e t h e compact Riem ann surf ace as so cia t e d wit h t h e alge braic curv e V .

Th e rela t ion R

0

lift s t o an alge braic rela t ion R

00

whic h i s a graph of a bih o lomorphic m ap (a u t omorphi sm)

� : V

0

! V

0

. Moreo v er, � h as a t le ast t w o �xe d p oin t s corre sp on din g t o A

1

an d A

2

. Th ey are h yp erb o lic �xe d

p oin t s wit h e igen v alue s �

1

an d �

2

re sp ect iv ely . Th e only Riem ann surf ace admit t in g su c h an a u t omorphi sm

i s P

1

an d aft er a c h an ge of co ordin a t e s, t hi s a u t omorphi sm i s equiv alen t t o m ul t ip lica t ion b y a n u m b er, in

our cas e, b y � = �

1

. Thi s last ob s erv a t ion i s v alid ev en for non-compact Riem ann surf ace s

2

. Hence w e m ay

as su m e t h a t V

0

= P

1

an d R

0

i s t h e graph of m ul t ip lica t ion b y � .

Let ( X ( z ) ; W ( z )) b e a param et er iza t ion of V b y ra t ion al fu nct ions e st a b li shin g bi-ra t ion al equiv alence of

V

0

an d V . In view of t h e f act t h a t V i s in v ar ian t, t h e s e fu nct ions sa t i sfy t h e fo llo win g syst em of fu nct ion al

equa t ions:

X ( �z ) = � X ( z ) +

1

p

1 + W ( z )

2

;

W ( �z ) =

X ( �z ) + b

X ( �z ) � b

W ( z ) :(143)

In part icular, t h ere i s a branc h of

p

1 + W ( z )

2

whic h i s a ra t ion al fu nct ion. It i s cle ar t h a t in t hi s cas e b ot h

branc h e s are ra t ion al fu nct ions, say S ( z ) an d � S ( z ). Th e expre s s ion 1 =

p

1 + W ( z )

2

in t h e �rst of t h e a b o v e

equa t ions i s e it h er 1 =S ( z ) or � 1 =S ( z ).

W e claim t h a t W (0) = W ( 1 ) = 0 an d X (0) = X ( 1 ) = � 1 = 2 wit h X (0) 6= X ( 1 ). In ot h er w ords, t h e

h yp erb o lic �xe d p oin t on V

0

m ap t o A

1

an d A

2

. In d ee d, t h e p oin t s ( X (0) ; W (0)) an d ( X ( 1 ) ; W ( 1 )) are

�xe d p oin t s of t h e equic h ord al rela t ion. W e pro cee d wit h a d et aile d argu m en t.

Let lim

z ! 0

( X ( z ) ; W ( z )) = ( x

0

; w

0

) (t h e cas e of z ! 1 i s an alogous). If x

0

an d w

0

are �nit e, w

0

6= � i an d

x

0

6= b t h en no s in gular it ie s of equa t ions 143 are encou n t ere d. Th us, e it h er w

0

= 0 in whic h cas e x

0

= � 1 = 2

b y t h e �rst equa t ion, or w

0

6= 0 an d ( x

0

+ b ) = ( x

0

� b ) = 1 b y t h e s econ d equa t ion. Th e s econ d p o s s ibilit y

le ads t o a con tradict ion s ince x

0

i s �nit e.

If x

0

= 1 t h en t h e �rst equa t ion imp lie s t h a t w

0

= � i . Th e s econ d equa t ion imp lie s t h a t t h ere i s a �xe d

p oin t of R

0

in V

0

wit h e igen v alue of mo d ulus 1. In d ee d, t h ere i s an in t eger d su c h t h a t W ( z )

1 =d

i s a lo cal

u niformizin g param et er on V

0

a t z = 0 an d t h e s econ d equa t ion imp lie s t h a t wit h re sp ect t o t hi s param et er

R

0

i s a graph of m ul t ip lica t ion b y a ro ot of u nit y of ord er d up t o t erms of ord er high er t h an 1. Thi s i s

a con tradict ion, as t h e e igen v alue could only b e e it h er � = �

1

or �

2

= 1 =� . Thi s argu m en t w or ks, ev en if

w

0

= 1 .

If w

0

= 1 an d x

0

i s �nit e t h en x

0

= 0 b y t h e �rst equa t ion. Bu t t h e s econ d equa t ion imp lie s t h a t t h ere

exi st s a non-h yp erb o lic �xe d p oin t of R

0

in V

0

, just in t h e previous cas e.

2

Es s en t ially , t hi s argu m en t i s t h e con t en t of [16 ]
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If x

0

= b t h e �rst equa t ion imp lie s t h a t w

0

i s �nit e (equal t o �

p

(1 =a )

2

� 1 ). Bu t goin g bac k t o t h e s econ d

equa t ion w e obt ain a con tradict ion.

Our claim h as b een pro v en, i.e. t h e p oin t s 0 an d 1 on P

1

m ap t o A

1

an d A

2

u n d er t h e m ap z 7!

( X ( z ) ; W ( z )).

Due t o t h e f act t h a t W

s

loc

( A

1

) an d W

u

loc

( A

2

) are non-s in gular a t A

1

an d A

2

re sp ect iv ely , W ( z ) h as a

s imp le zero a t 0 an d 1 .

W e claim t h a t W ( z ) can h a v e no zero ot h er t h an z = 0 an d z = 1 . Let us sup p o s e t h a t z

0

2 C

�

i s su c h

t h a t W ( z

0

) = 0. As W ( �

n

z

0

) 6= 0 for su�cien t ly large n ega t iv e in t eger n , w e m ay as su m e t h a t W ( �

� 1

z

0

) 6= 0,

rep lacin g z

0

wit h �

n

z

0

if n ece s sary . Let z

n

= �

n

z

0

. W e not e t h a t t h e s econ d of t h e equa t ions 143 wr it t en

for z = z

� 1

imp lie s t h a t X ( z

0

) = � b . Th e �rst equa t ion imp lie s t h a t as lon g as W ( z

n

) = 0, w e h a v e

X ( z

n +1

) = X ( z

n

) � 1. Th us, if W ( z

n

) = 0 for n = 0 ; 1 ; : : : ; N t h en X ( z

n

) = � b + M

n

, wh ere M

n

i s an

in t eger. W e recall t h a t b 2 ]0 ; 1 = 2[. Hence, for n = 0 ; 1 ; : : : ; N w e h a v e X ( z

n

) 6= b . A lo ok a t t h e s econ d

equa t ion t ells us t h a t t h e ord er of z

n

as a zero of W ( z ) i s a non-d ecre as in g fu nct ion of n . In t ur n, it m e ans

t h a t W ( z

n

) = 0 for all n � 0. Thi s i s a con tradict ion, as t h en W ( z ) w ould h a v e t o v ani sh id en t ically an d w e

kno w t h a t t hi s i s not t h e cas e.

Th us, w e h a v e pro v en t h a t W ( z ) h as a zero only a t z = 0 an d z = 1 an d t h a t t h e s e zero s are s imp le. Let

f ( z ) = 1 =W ( z ). Thi s i s a ra t ion al fu nct ion wit h s imp le p o le s a t 0 an d 1 an d no ot h er p o le s. Moreo v er, t hi s

fu nct ion sa t i s�e s t h e fu nct ion al equa t ion 52, whic h w e rep e a t h ere for t h e re ad er:

1

f ( �z ) � f ( z )

+

1

f ( z ) � f ( z =� )

=

�

p

1 + f ( z )

2

:

Th e only p o s s ibilit y i s t h a t f ( z ) = �z � � =z + 
 for som e �nit e const an t s � , � an d 
 , t h e �rst t w o of whic h

are non-zero. Bu t t hi s fu nct ion do e s not sa t i sfy t h e fu nct ion al equa t ion s ince

p

1 + f ( z )

2

i s not ra t ion al (it

h as branc h p oin t s) wit h on e except ion, wh en 4 �� = 1 an d 
 = 0 (in t hi s s it ua t ion e ac h of t h e equa t ions

f ( z ) = � i h as a dou b le ro ot). Thi s cas e i s e as ily re d u ce d t o � = � = 1 = 2 b y scalin g t h e v ar ia b le z lin e arly .

If f ( z ) =

1

2

( z � 1 =z ) t h en

p

1 + f ( z )

2

= �

1

2

( z + 1 =z ). It i s e asy t o c h ec k t h ough, t h a t t hi s f do e s not sa t i sfy

t h e fu nct ion al equa t ion. In d ee d, t h e left-h an d s id e of 52 i s

1

1

2

( � � 1) z +

1

2

�

1 �

1

�

�

1

z

+

1

1

2

�

1 �

1

�

�

z +

1

2

( � � 1)

1

z

:(144)

Thi s ra t ion al fu nct ion h as p o le s a t p oin t s z = � i

p

� an d z = � i

p

1 =� . Th e r igh t-h an d s id e of 52 i s

�

q

1 +

�

1

2

�

z �

1

z

��

2

= �

�

1

2

�

z +

1

z

�

:(145)

Thi s last ra t ion al fu nct ion h as it s p o le s a t z = � i . Th us, in view of t h e f act t h a t � 6= 1, f ( z ) do e s not

sa t i sfy 52.

9. Nu m er i cal re sul t s

Al t h ough t h ere are no equic h ord al curv e s, t h e in v ar ian t m anifo lds of t h e equic h ord al m ap exi st, an d t h ey can

b e n u m er ically compu t e d, us in g an algor it hm f requen t ly ap p lie d t o dyn amical syst ems on t h e p lan e.

In t hi s s ect ion w e pre s en t Figure 12 re sul t in g f rom su c h compu t a t ions. Al t h ough t h e e st im a t e s of t h e

in v ar ian t curv e s drawn in t hi s s ect ion h a v e not b een r igorously v er i�e d for t h e pre s ence of exce s s iv e errors,

re ason a b le care w as t ak en in ord er t o ensure t h e v alidit y of t h e s e �gure s, up t o t h e re so lu t ion of a t yp e s et t er.

Let us not e t h a t for t h e excen tr icit y v alue a = 0 : 6 t h e e�ect of \sp lit t in g" of t h e curv e s � ( A

1

) an d � ( A

2

)

i s st ill quit e sm all. F or sm aller excen tr icit ie s t h e wigglin g of � ( A

2

) in t h e vicinit y of A

1

can b e ob s erv e d

only aft er su b st an t ial m agni�ca t ion of p lot s s imilar t o t h e on e pre s en t e d h ere. Th e a u t h or st udie d t h e cas e

of a = : 1 wh ere t h e m agni�ca t ion n ee d e d w as roughly 10

5

in ord er t o ob s erv e t h e wigglin g pa t t er n. A vid eo

t ap e of t hi s st udy h as b een m ad e.
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Fig. 12. Th e curv e � ( A

2

) for excen tr icit y a = 0 : 6

Our m ain re sul t i s n ega t iv e an d not v ery quan t it a t iv e in c h aract er. On e m ay st udy t h e pro p ert ie s of � ( A

i

),

i = 1 ; 2, in ord er t o b et t er u n d erst an d t h e ph enom enon of sp lit t in g in v ar ian t curv e s for dyn amical syst ems.

Our ap proac h t o t h e Equic h ord al P oin t Prob lem h as b een d e s ign e d t o so lv e t h e exi st ence que st ion. Argua b ly ,

it i s t h e correct ap proac h. Ho w ev er, t h e asympt ot ic st udy of t h e Equic h ord al P oin t Prob lem alon g t h e lin e s

pre s en t e d in [17 , 14 ] i s of in t ere st also in ot h er con t ext s. F or examp le, sp lit t in g of s epara tr ice s w as st udie d

for t h e m ap ( x; y ) 7! (2 x � y + k s in x; x ) kno wn as t h e \st an d ard m ap" in [7] an d a n u m b er of more recen t

w or ks b y t h e sam e a u t h ors.

10. Calcula t ion of t h e expans ion of f

W e kno w t h a t t h ere exi st s a so lu t ion t o t h e fu nct ion al equa t ion 52 d e�n e d an d an alyt ic in a pu nct ure d

n e igh b orh o o d of 0 an d su c h t h a t 0 i s a s imp le p o le. W e can e as ily calcula t e an y �nit e n u m b er of t erms of t h e

expans ion of f in t o a La uren t s er ie s. Thi s can b e accomp li sh e d b y t h e MA CSYMA program in T a b le 1. Th e

record of a samp le s e s s ion gen era t in g t h e T

E

X form of t h e co e�cien t s i s in T a b le 2, as su min g t h a t t h e inpu t

�le con t ainin g t h e t ext of T a b le 1 i s n am e d \s er ie s.mc".

Th e ou t pu t (not sh o wn) fo llo win g t h e last inpu t lin e i s a T

E

X form a t t e d li st of co e�cien t s. Th e co e�cien t s

gen era t e d in t h e st an d ard not a t ion are:

f

1

= �

�

2 ( �

2

+ 1)

;

f

3

=

( � � 1)

4

�

3

8 ( �

2

+ 1)

3

( �

4

+ 1)

;

f

5

= �

( � � 1)

4

�

5

�

�

6

� �

5

+ 3 �

4

� �

3

+ 3 �

2

� � + 1

�

16 ( �

2

+ 1)

4

( �

2

� � + 1) ( �

2

+ � + 1) ( �

4

+ 1) ( �

4

� �

2

+ 1)

:

Th e b eginnin g of t h e expans ion of f i s
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equi.out

Y x 10-3

-3X x 10
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Fig. 13. Th e curv e � ( A

2

) for excen tr icit y a = 0 : 6 m agni�e d n e ar A

1

f ( z ) =

1

z

+ f

1

z + f

3

z

3

+ f

5

z

5

+ : : : :(146)

Co e�cien t s up t o ord er 10 can b e calcula t e d e as ily , bu t w e do not includ e t h e form ulas d ue t o t h e ir rapidly

incre as in g comp lexit y . Our compu t a t ions w ere carr ie d ou t on a SUN 4 w or kst a t ion ru nnin g Sym b o lics MA C-

SYMA v ers ion 417.100. If w e �x � t o a ra t ion al wit h a sm all n u m era t or an d d enomin a t or, an d impro v e t h e

program sligh t ly , w e m ay obt ain expans ions t o ord er 50 quit e h an dily .

It i s in t ere st in g t h a t t h e co e�cien t s of t hi s expans ion s eem t o con v erge as � ! 1, whic h i s equiv alen t t o

� ! 1 an d a ! 0. Th e calcula t ion sugge st s t h a t f ( z ) =

1

z

�

z

4

in t h e limit, whic h pro d u ce s a p erfect circle

wh en expre s s e d in rect an gular co ordin a t e s. On t h e ot h er h an d, t h e c h aract er of t hi s con v ergence i s som ewh a t

u ncle ar. Th e pre s erv a t ion of con e s pro p ert y pro d u ce s C

0

-con v ergence. Th ere s eems t o b e no re ason for t h e

con v ergence t o b e u niform in t h e comp lex dom ain. Ne it h er sh ould on e exp ect an alyt icit y of f wit h re sp ect

t o � a t � = 1, i.e. an alyt icit y in t h e excen tr icit y arou n d a = 0.

A mo di�ca t ion of t h e re sul t s of t h e previous s ect ion can b e us e d t o sh o w t h a t a Riem ann surf ace of f can

b e constru ct e d o v er C wit h a cou n t a b le n u m b er of branc h p oin t s. It i s not cle ar wh et h er branc hin g in d ee d

T a b le 1. A samp le MA CSYMA program t o gen era t e t h e expans ion of f

/* Solution to the functional equation near z=0. */

f[-1]:1;

lambda:(mu+1)/(mu-1);

deftaylor(f(z),sum(f[2* n+1] *z^ (2*n +1) ,n,- 1,i nf)) ;

eqn:1/(f(z/mu)-f(z))+1/ (f(z )-f (mu* z)) =lam bda /sqr t(1 +f(z )^2 );

coeff_eqn(n):=block([te qn:t ayl or(e qn, z,0, 2*n +1)] ,

makelist(coeff(teqn,z, 2*k+ 1), k,1, n)) ;

solve_eqn(n):=solve(coe ff_e qn( n),m ake list (f[ 2*k+ 1], k,0, n-1 ));

solve_factored(n):=fact or(s olv e_eq n(n ));

tex_list_coeffs(n):= block([sol:solve_factor ed(n )],

sol:sol[1], for i:1 thru length(sol) do tex(sol[i]));
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o ccurs, or wh et h er f h as an y p o le s di�eren t f rom 0. A n u m er ical st udy in t h e comp lex dom ain could sh e d

som e ligh t up on t h e s e que st ions.

T a b le 2. A MA CSYMA s e s s ion gen era t in g T

E

X-form a t e d co e�cien t s of f

(C1) load("series.mc");

Batching the file /dept/rychlik/macsyma/e qui chor dal /ser ies .mc

Batchload done.

(D1) /dept/rychlik/macsyma/e qui chor dal /ser ies .mc

(C2) tex_list_coeffs(3);

/usr/export/macsyma/sha re/t ex. o being loaded.

A. Th eorems of F a t ou an d Rie sz

F or t h e con v enience of t h e re ad er w e giv e a st a t em en t of t h e F a t ou's t h eorem, fo llo win g [2].

Th eorem 13. Every single-value d analytic function f ( z ) b ounde d in the disc j z j < 1 is c ontinuous, under

appr o ach within an angular se ctor, at a set of b oundary p oints on j z j = 1 whose line ar me asur e always e quals

2 � .

W e not e t h a t t h e radii r e

i�

, 0 � r < 1 are geo d e s ic rays wit h re sp ect t o t h e P oincar � e m etr ic on D . Th e a b o v e

t h eorem imp lie s t h a t lim

r ! 1

f ( r e

i�

) exi st s for full m e asure s et of � 2 [0 ; 2 � [. As w e m ay c h an ge co ordin a t e s

us in g t h e group of a u t omorphi sms of D , t h e sam e i s true a b ou t t h e ap proac h t o t h e b ou n d ary alon g any

geo d e s ic ray t o t h e b ou n d ary . F or more inform a t ion on t h e rela t e d su b ject of geo d e s ic 
o ws on surf ace s of

const an t n ega t iv e curv a t ure t h e re ad er m ay consul t [10].

Th e Th eorem of F. an d M. Rie sz can also b e fou n d in [2].

Th eorem 14. L et the function f ( z ) b e analytic and b ounde d in the disc j z j < 1 , say j f ( z ) j < M , and let E

b e a L eb esgue me asur able set of those � 2 [0 ; 2 � [ for which

lim

r ! 1

f ( r e

i�

)

exists and e quals zer o. If the L eb esgue me asur e m ( E ) > 0 then f ( z ) must vanish identic al ly.

Thi s t h eorem comp lem en t s F a t ou's t h eorem. T oget h er, t h e s e t w o t h eorems imp ly t h a t e it h er f i s id en t ically

equal t o zero or it h as a non-zero radial limit a t almo st all b ou n d ary p oin t s.

B. Th e clas s i�ca t ion of pro ject iv e curv e s

Th eorem 15. L et V b e a c omplex pr oje ctive curve of genus 0 . Then V is bir ational ly e quivalent to P

1

( C ) .

In ot h er w ords, if V � P

n

( C ) i s an exp licit re aliza t ion of V as a su b v ar iet y of a pro ject iv e space t h en t h ere i s

a m ap i : P

1

( C ) ! P

n

( C ) su c h t h a t i ( z ) = [ i

0

( z ) : i

2

( z ) : : : : : i

n

( z )], i ( P

1

) = V an d t h e fu nct ions i

j

([ z

0

: z

1

])

are h omogenous p o lynomials in z

0

an d z

1

. On e of t h e st an d ard reference s for t hi s re sul t i s [15 ].

C. Rem ar ks on gen eral alge brai c rela t ions

Th e sp ecial fe a t ure of t h e equic h ord al rela t ion t h a t h as b een us e d i s t h a t t h e lo cal branc h e s are exp licit ly

kno wn an d h a v e t h e form of rela t iv ely s imp le alge braic expre s s ions. Th us, it era t in g param et er ize d curv e s

b ecom e s a m a t t er of comp o s it ion wit h lo cal branc h e s. In gen eral, wh en v ar iet ie s are d e scr ib e d b y p o lynomial

equa t ions only , w e w ould h a v e t o us e an al t er n a t iv e d e scr ipt ion of curv e s t hrough t h e as so cia t e d id e als of

fu nct ions. Th e m ac hin ery of comm u t a t iv e alge bra b ecom e s e s s en t ial.
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In s it ua t ions more gen eral t h en t h e Equic h ord al P oin t Prob lem w e w ould lik e t o quic kly di sp o s e of t h e

cas e wh en t h ere i s a pro ject iv e v ar iet y Y � X su c h t h a t W

s

loc

( A

1

) � Y . W e will call t hi s s it ua t ion t h e

de gener ate c ase . It w as sh o wn in t h e cours e of t h e pro of of Th eorem 6 t h a t t hi s cas e do e s not o ccur in t h e

Equic h ord al P oin t Prob lem. If in a more gen eral prob lem it i s not p o s s ib le t o elimin a t e t h e p o s s ibilit y of

t h e d egen era t e cas e, w e can st ill pro cee d su cce s sfully b y cons id er in g t h e rela t ion R re str ict e d t o t h e minim al

in v ar ian t v ar iet y con t ainin g W

s

loc

( A

1

). It i s e asy t o s ee t h a t t h e minim al v ar iet y exi st s an d it i s in v ar ian t an d

t h ere i s an irre d u cib le comp on en t R

0

of R \ ( Y � Y ) for whic h W

s

loc

( A

1

) i s a lo cal in v ar ian t curv e. It i s e asy

t o s ee t h a t t hi s pro ce d ure allo ws on e t o constru ct t h e global st a b le an d u nst a b le curv e s an d pro cee d wit h an

an alys i s of h et ero clinic conn ect ions alon g t h e pa t h d ev elo p e d for t h e Equic h ord al P oin t Prob lem.
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